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FOREWORD 

This report was prepared by Honeywell Inc., Minneapolis, Minnesota 55413, 
under Air Force Contract F33615-72-C-1058 "Digital Flight Control Sys- 
tems for Tactical Fighters. "   It was initiated under Project No.  1987, 
"Manual and Automatic Control Systems Technology," Task No.  198701, 
"Mission-Oriented Control Laws and Mechanizations. "   The work was ad- 
ministered under the direction of the Air Force Flight Dynamics Laboratory, 
Wright Patterson Air Force Base, Ohio 45433 by Captain K. W.  Bassett, 
AFFDL/FGL.  Project Monitor. 

This study is reported in two parts: 
Report. 

The Interim Report and the Final 

The Interim Report consists of three volumes as follows: 

Volume    I.   Digital Flight Control Systems Analysis 

Volume   IT.   Documentation of the Digital Control Analysis Software 
(DIGIKON) 

Volume III.   Digital Flight Control System Design Considerations 

This is Volume I of the Interim Report.   It covers work performed between 
February 1972 and June 1973.   The contractor's report number is Honeywell 
Document F-0131-IR1. 
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SKCTION I 

INTRODUCTION 

The general objective of this program is to develop the technology necessary 
to apply digital flight control techniques to the three-axis, multiple flight 
control configuration demands of advanced fighter aircraft.   Specifically,  the 
techniques and requirements of digital flight control systems are to be estab- 
lished, and a simulation employing a proven airborne digital computer is to 
be used to validate these requirements. 

The Interim Report consists of three volumes as follows: 

VOLUME I -■ 
VOLUMK II - 

VOLUME III 

DIGITAL FLIGHT CONTROL SYSTEMS ANALYSIS 

DOCUMENTATION OF DIGITAL CONTROL 
ANALYSIS PROGRAMS (DIGIKON) 

- DIGITAL FLIGHT CONTROL SYSTEM 
DESIGN CONSIDERATIONS 

This document reports the analytical developments on the Digital Flight 
Control Systems Analysis which pertain to the specific objective of defining 
computational requirements for a tactical fighter and determining its per- 
formance sensitivity to digital flight control system (DFCS) parameters. 

Section II presents the analysis approach.    The stability and performance 
analysis program is briefly reviewed.   Subsequently, for background infor- 
mation, the process of generating complete digital control laws is given, 
and a parametric study of the F-4 longitudinal system is described. 

In Section III the technique for mathematical modeling of the computer- 
controlled system in state space is presented.   This is an automated process 
which has been applied to multivariable, multirate systems.    Effects of 
computational delays are included. 

Modeling of performance in state space is described in Section IV.    Five 
performance measures are considered:   (1) poles-zeros, (2) frequency 
response, (3) RMS response to turbulence and roundoff noise, (4) power- 
content analysis, and (5) time response. 

The computer programs which implement the mathematical analyses and 
models presented in this volume are documented in Volume 11. 

Some of the analytical developments reported in Volume I have not been 
incorporated into the existing software due to lack of resources. 

A demonstration example is given in Section V to illustrate how these pro- 
grams are used and how the computational requirements are derived. 
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In Volume III, Digital Flight Control System Design Considerations, the 
requirements for converting a general digital flight control system to actual 
hardware and software are addressed.   Topics such as sizing rules, input' 
output information flow, multiplexing, redundancy and self-test techniques 
and electromagnetic interference requirements are discussed.   The results 
include guidelines to aid in the estimation of the complexity of the actual hard- 
ware design for both dedicated and general-purpose processor configurations. 

In additon. Volume III considers the impact of DFCS design requirements of 
two practical design applications.   The first of these concerns the integration 
of outer-loop flight control modes with inner-loop functions.   The second 
considers the implementation of multimode control functions.   A primary 
investigation in the second application involved switching strategies to mini- 
mize transients when changing modes. 

The Final Report, AFFDL-TR-74-69, documents the work done in a continua- 
tion of this study on digital flight control requirements.   This effort involved 
validation of the analysis techniques and applicable design considerations des- 
cribed in this report.   The validation was accomplished through a parameter 
variation analysis on the F-4 longitudinal axis using the analysis tools of 
Volumes I and II, and through a simulation test program using a digital 
airborne computer containing F-4 control functions.   A condensation of the 
analysis and design requirements documented in the three volumes of this 
report is also included in the final report. 
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SECTION II 

ANALYSIS APPROACH 

This section presents the overview of Honeywell's work on the definition 
of the digital flight control system (DFCS) computational requirements for a 
tactical fighter type of aircraft. 

Of specific interest is the sensitivity ot aircraft performance criteria to vari- 
ations in the computational parameters.   The approach used was first to 
generate a comprehensive DFCS stability and performance analysis computer 
program, and subsequently to apply this analysis tool to a detailed parametric 
study to obtain computational requirements. 

The stability and performance analysis program is briefly presented first. 
This program is fully documented in AFFDL-TR-73-119 Volume II.   Genera- 
tion of control laws (synethesis) is summarized next.   This is followed by a 
summary of computational requirements and parametric study. 

The computational requirements for the F-4 longitudinal control system are 
determined by carrying out a detailed parametric study in two levels of system 
complexity.   First, the F-4 longitudinal structural filter is considered.    Subse- 
quently, the overall F-4 longitudinal control system is studied.   The results 
are presented in that order. 

Finally, a summary of requirements for digital computation of control laws 
are given for systems with bandwidths of 6,  12, 20, and 25 Hz.   Future growth 
of control configured vehicles require these broad bandwidths. 

STABILITY AND PERFORMANCE ANALYSIS PROGRAM 

A computer program (DIGIKON) was generated to facilitate a quantitative 
analysis of all parameters which affect performance and/or stability.   Per- 
formance includes control and disturbance covariance response, transient 
and frequency response.   Stability includes eigenvalues and gain and phase 
margins.   The parameters include sample rate, word length, computational 
delays, multisample rates, control filters/laws, aircraft bandwidth, noise, 
and gusts.   The DIGIKON computer program is being used as a tool to develop 
specifically the DFCS computation rate and control law word length require- 
ments.   This application is shown diagramatically in Figure 1. 
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Figure 1. DIGIKON Software Program for Sample Rate/Word 
Length Determination 

The DIGIKON analysis program (Figure 2) development consisted of two main 
subtasks.   In the first subtask, system modeling software was developed. 
This software can handle a general class of digital flight control systems in 
one of two ways.    First, it can construct a set of digital controllers by digi- 
tizing an existing continuous-controller design for various sets of mulli- 
sample rates.   Second, it can accept y-domain controller descriptions. 
The capability of generating u geiiernl discrete syHteni model not only develops 
nmuhcrH for n HIHM-H'IC Indicnl fighter systom configuration, hut also factli- 
IntcH in the study of future configurations.    This capability also aids in the 
design of digital control systems,  which is outside the scope of this study. 

Where specific data is required in this work, the I--4 configured as in the 
6M0.F Survivable Flight Control System (Reference 7) is used as the 
tactical fighter representation.   The aircraft model includes a rigid body 
and three flexure states, actuator and sensor dynamics, and the controller. 
The discrete controller model variables include sample rate, word length, 
and computational delay. 
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Figure 2.    Basic Structure of the Digital Control Software 
System (DIGIKON) 
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The development of performance analysis software formed the second part 
of the Analysis Program task.    Subroutines to compute stability and per- 
formance for the discrete system model were developed.   The stability 
measures are eigenvalues (S,  /- and W planes), gain margin, and phnHo 
margin.   The performance measures are covariance response to wind gusts 
and random pilot commands, frequency response, power-content analysis, 
and transient time responses to normal and rapid control inputs and distur- 
bances.   The software uses algorithms based on state-space theory.    Each 
subsystem is characterized by the four matrices (quadruple) (A, B, C, D) for 
the continuous system and (F, G, H, E) for the digital system.   This format 
facilitates treatment of large-scale system problems.   Equations (7), (8), 
(47), and (48) illustrate the form of how the matrices are used to character- 
ize a subsystem. 

CONTROL LAW GENERATION (SYNTHESIS) 

The computational requirements are greatly influenced by the control require- 
ments.   The control requirements basically generate tho control laws. 
Obviously,  ttie two are coupled together (Figure 3). 

To determine and validate the computational requirements, one must develop 
mathematical models for system dynamics and performance analysis.    In 
addition,  the control laws should be parameterized with respect to computa- 
tional parameters (sample-time, word-length and computational delays) to 
facilitate the DECS design.    In the following, the DECS design procedures are 
briefly presented.    Conventional control laws are designed by first evaluating 
the free system performance, and then by determining system gains and com- 
pensators to shape behavior of the system to meet the control requirements. 
Figure 4 shows this cycle for interactive continuous (analog) controller designs. 

The design of digital control laws follows the same pattern (Figure 5).    How- 
ever, more options are available.   One starting point is a good continuous 
control law.    This can be transformed into a digital control law by either 
z-transform or Tustin transform.   Another approach is a z-plane root locus 
design.   The free system pole-zeros are mapped and the gains and compensator 
poles-zeros determined to shape the root locus.    The third approach is called 
z-w plane design (Figure 6).    In this approach, the w-transform of the discrete 
plant model is developed first.    Then the w-plane compensators are determined 
to shape the frequency response to meet control requirements.    Finally,  the 
w-piane compensators are transformed back to the z-plane to obtain difference 
equations for the digital cont-ol. 

Digitization Versus Direct Digital Design 

Following are the advantages of digitization and direct digital design procedures. 
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Figure 3.   Control and Computational Requirements 
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Figure 4.   Interactive Analysis, Design, and Performance Evaluation 
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Figure 5.   Interactive Analysis, Design,  and Performance Evaluation 
in the s-z Plane 
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Advantages of Digitization -- 

• The requirement starts out with a flyable, continuous controller.   Con- 
tinuous controller provides a strong base for exhibiting effects of the 
sample time parameter on performance, since it corresponds to the 
limiting case (i.e., T -. 0). 

• Controller-digitization algorithms are selected from amor^ (hose which 
provide good frequency response and maintains the structural and the 
stability properties of the controller dynamics invariant with respect 
to the sample time parameter.   This one-to-one correspondence between 
continuous controller dynamics (i.e., lead-lag networks) and the BOV 
ware dynamics (i. e., corresponding difference equations) provides a 
good starting point in practical digital controller design for a given 
sample rate. 

• The coefficients of the digitized-controiler matrices can be computed 
efficiently as a function of sample time. 

• Sample rate estimates based on this model are on the safe side, and the 
resulting digital control software is flyable. 

• Computational requirements based on digitization can be computed 
rapidly.    In many cases, sharper estimates based on direct digital 
synthesis methods or digital controller optimizations are not justified 
for the initial requirement definitions because of the uncertainties in the 
system parameters. 

Advantages of Direct Digital Design -- 

• W-plane transfer function of the free plant takes into account the delay 
introduced by the hold unit at the plant input. 

• Compensator design with free parameters allows the designer to meet 
the control specifications with less stringent computer requirements. 

An example is given (see page 116) for comparison of direct digital versus 
digitization synthesis using Tustin algorithm with no prewarping. 

COMPUTATIONAL REQUIREMENTS AND PARAMETRIC STUDY 

This task includes performing a comprehensive study of digital flight control 
parameters.   Aircraft flight condition, system bandwidth, sample-rate, word 
length are to be varied, and relative influence on performance is to be examined. 
The objective here is to define computation rate requirements for a tactical 
fighter and its sensitivity to DECS parameters. 
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The F-4 longitudinal control system presented in the fly-by-wire report 
AFFDL-TR-71-20, Supplement 2, was selected for the parametric study. 
First, the F-4 longitudinal structural filter was investigated.   Subsequently, 
the overall F-4 longitudinal control system (open loop and closed loop) was 
studied.   In the following these studies are summarized in that order. 

PARAMETRIC STUDY OF "STRUCTURAL FILTER" IN F-4 LONGITUDINAL 
CONTROL SYSTEM 

Parametric analysis by software was carried out to relate the poles and 
zeros, the frequency response and the rms power response of a structural 
filler to the computational parameters:   sample time and the coefiicient word 
length.   The structural filter in the F-5 longitudinal control system was 
selected for this investigation.    For the parametric study of poles and zeros 
and frequency response, the following parameter set was used: 

Sample Time:   0,  1/1000,  1/160,  1/80,  1/40,  1/20 sec. 

Coefficient Word Length:  24.  16,  12, 8 bits 

For parametric study of rms power response, a first-order prefilter was 
used with two bandwidths; namely, 200 and 0.2 rad/sec. 

PARAMETRIC STUDY OF F-4 LONGITUDINAL CONTROL SYSTEM 

The F-4 longitudinal model (aircraft, sensor dynamics, actuator dynamics, 
and controller) presented in the fly-by-wire report AFFDL-TR-71-20, 
Supplement 2,  was selected for the parametric study with the DIGIKON soft- 
ware.    The Mach 1. 2,  5000-ft flight condition (^ max) was chosen because of 
model frequency considerations (highest aeroelastic frequencies).   Three 
bending modes are included in the aircraft model. 

Figure 7 shows the four blocks into which the overall model was separated and 
the interconnections between blocks. 

The procedure for data generation for the parametric study is briefly outlined 
as follows.   Starting with the physical equations or the system block diagram, 
a simulation diagram is drawn.     From the simulation diagram, the state 
equations, summing point equations, and response equations are written.   These 
equations are then programmed for the DIGIKON software.   A similar procedure 
is followed for the controller,  sensors, and actuators.   After the subsystems 
have been verified, they are interconnected as shown in Figure 7 by the 
DIGIKON software. 

Parametric analysis by software was carried out to relate the poles and the 
frequency response of the F-4 longitudinal control system to the sample time 
of the controller.    The following parameter set was used: 

I 
11 
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Sample Time:   0,    1/1000.    l/lfiO,    1/H0,    IZ-IO,    1/20 sec. 

Coefficient Word Length:   24 bits 

Following this, a parametric study of F-4 longitudinal control system gust 
response ratio performance was conducted. 

The overall closed-loop F-4 longitudinal control system model was utilized to 
develop the state and output variance to a gust input.    With the continuous gust 
input, variances are computed with a continuous controller first, and subse- 
quently digital controllers with T = 1/1000,  1/160, 1/80,  1/40 and 1/20 sample 
times.   The gust was represented by a filtered white noise.   A first order 
filter with bandwidth of 46 rad/sec was used. 

The parametric study was concluded with a brief investigation of computational 
time delay effects and a new model was developed.   In this model, actuator and 
gust dynamics are modified (a third order actuator and a second order gust 
filter).   The same model is used in the simulation tests. 

The following set of computational delays was used for parametric study: 

Td = 0, T/4, T/2,  T sec. 

The sample time was fixed at T = 1/40 sec. 

The effect of computational delay is studied by computing poles and zeros of 
the overall closed loop system. 
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SECTION III 

MODEUNG FOR THE DYNAMICS OK MULTIRATE 
MULTILOOP SYSTEMS 

In this section we first briefly present material on the autonVWic modeling 
of interconnected dynamical systems for tradeoff studies.   >Aiis is followed 
by the transformations in state space.   S, Z and W trÄas&Jrms are con- 
sidered.   The Z-W transformation in state space facililrwes the interactive 
design process.   S-Z transforms are developed for obtaining the discrete 
plant representation.   Digitization of existing contim^us control laws using 
the Tustln transformation is also considered.   Nexj^we present single-rate 
modeling of digital control systems by software. "This is followed by the 
discussion on the multiloop multirate system m^eling.   Finally, an example 
is presented treating a two-rate system with a&nputational delays. 

To perform analytical tradeoff studies of A/gital flight control systems (or 
any other control system) one must develop its overall mathematical repre- 
sentation (i. e., model).    For the linear flight control design, this model 
takes the form of a set of differential and/or difference equations. 

A uniformity in the model form (»/respective of the size or the internal 
structure of subsystems) facilitates the evaluation of various performance 
measures in the analytical tradeoff study.   One such form is the state variable 
representation of the overalrmodel. 

In the following we brief-//present an algorithm for automatic generation of 
a model in this form \i4ing the physical equations which characterize the 
elements of the syst^Ai. 

DEVELOPMENT OF THE UNEAR SYSTEM MATRICES FROM THE 
SIMULATION EQUATIONS 

Figure 8 shows a typical longitudinal channel of a tactical aircraft.    In 
general, the simulation equations of this system take the following form: 

x = f(x, y, x, u) 

y = g(x, y, x, u) 

r = h{x, y, x,  u) 

(1) 

(2) 

(3) 

where 

x = n   x 1 vector of the output of integrators 
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v = n   x l vector of tho output of summing points 

r = n   x 1 vector of the system variables of interest (response outputs) 

u = n   x 1 vector of the external inputs 

The functions f, g and h are usually nonlinear.    For the linear analysis they 
can be linearized about a given operating point.   In the following, we shall 
assume that the simulation equations represent the linearized model.   In 
this case. Equations (1), (2) and (3) can be put in the following form: 

x = F,x+Fy+Fx + Fu x y'        x u 

y = G,x+<J   y+G x+G  u •^        x y7        x u 

r = H,x+Hy+Hx + Hu x y*7        x u 

(4) 

(5) 

(6) 

and this set of equations can be reduced to the following standard form by 
algebraic operations 

x = Ax + Bu 

r = Cx + Du 

(7) 

(8) 

On the surface, this task appears to be very simple to carry out with paper 
and pencil.    However, for large systems the writing of simulation equations 
in the format given in Equations (4), (5) and (6) is prone to human error and 
should be avoided. 

In the following, we present an algorithm which automates the transition 
from the physical equations (analog simulation equations) to the state variable 
representation given by Equations (7) and (8). 

Let us define two vectors as follows: 

v = col (x, y, r) 

w = col (x, y, x,  u) 

Obviously, Equations (4), (5) and (6) can be written as 

v = F(w) 

(9) 

(10) 

(11) 

The matrix coefficients sjiven in Equations (4), (5) and (6) are then obtained 
by first finding 

OF) 
aw 
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dF and then properly partitioning it.    This term -=— is called the simulation 
matrix.    The sizes of its rows and columns are given respectively by 

n = n   + n   + n x       y       r 

m = 2n   + n   + n x       y       u 

(12) 

(13) 

The coefficient matrices obtained by partitioning the simulation matrix is 
indicated in Figure 9. 

*    j    v   !     «   r  N 

F. 
X 

F 
V 

F 
K 

F 
u 

G. f. 
V 

c G 
It 

H. H 
V 

H 
X 

H 
ii 

♦ 

The column vectors 

w^l 

Figure 9.   The Simulation Matrix 

OF 
3w. i = 1.  2, . .  ,  m are obtained simply by setting 

(14) 

w. = 0, j = 1,  2,  .  .  .  ,  m. j ^ i 

and evaluating (11).    This yields the coefficient matrices. 

In the sequel, the algebraic reduction process will be described.    First, 
Equations (4) and (5) are written in the following form: 

(I- F.) x 
-G. 

-F 

(I-YGJ 
y J 

X 

y 

fF X 
F   1 u 

K GuJ 
X 

u 
(15) 

Then x . 
is obtained in terms of x and u by solving Equation (15). 

Then r is obtained in terms of x and u by substituting (15) into (16): 

r =(H-   | H ) 
x '    y 

x 

Ly. 
+(H    I H  ) x '     u 

x 

u 
(16) 
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These reduction operations are carried out by the computer using the simulation 
matrix storage space. 

The software which implements this algorithm is called STAMK. 

Implementation of the Simulation Equations 

The analog simulation equations representing the system dynamics [Equations 
(4),  (5) and (6)J are implemented in subroutine SIMK.   (The user programs this 
for his system. ) 

To demonstrate how SIMK is used,  we give the following example. 

A simplified short-period equation of an aircraft is given as follows: 

0    - (M    ) A   + (M*)0 + (M K + (M. )& (17) ge     e w a a ^ 

9 " 7T- n U       z o 

nz  = (-VaM-Z6e)6e 

(18) 

(19) 

The normal acceleration sensed at station I   away from the c. g.  is given by: a 
n   = n   + I   6 a       z       a (20) 

Figure 10 shows the simulation diagram of the shox't-period equations. 

It is assumed that the longitudinal controller configuration is given as shown in 
Figure 11.    It can easily be shown that this controller can be simulated as 
shown in Figure 12.   (For transfer block inputs, SIMKT may also be used as 
described later.) 

In Figure 12, 

T 
P "Tf- ,   a = 7f-,Y   = a(l-p) 

2 l2 
(21) 
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M6e 

M,; 

4 

? % 

"i 

Z 1 
(+ 

Z6e 

_1_ 
s ^ 

1 
T 

Lin 
—& 

Figure 10.   Simulation Diagram of the Short Period Dynamics 

Figure 13 shows the overall simulation diagram. 

The following simulation equations can be written from Figure 13: 

e  = (M6e)6e +(Ma)a +(M0)+ W^te 
l 

O 

6   . K, 6. 

r]   = -ari + yr]. 

nz M-Za)a+(.Z6e)6e 

na = nz+Ua)^ 

^i  =(VfP+(Kn,na 
r\n = TI+(P)TI. 

19 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 
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Figure 11.    Longitudinal Controller 

Figure 12.    Longitudinal Controller Simulation Diagr am 
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ß.   ■   Tl     1    iK'/M) (M) i      o       a 

6     ß i (V cn) 

(• 1     f 
Ö (32) 

r2 - 0 (33) 

r, = n (34) 3        z 

Here, nx -- 4, n   = 6, n    = 3, and ny = 1. 

Subroutine S1MK is essentially Fortran statements of these equations.    The 
righl-hand side variables,  namely,  the integrator inputs (x),  the summing 
point variables (y),  the integrator outputs (x),  and the external inputs (u), 
are equivalenccd to the array w(i),  1=1,  .  . .  m array in tliat order,  for 
example,  EQUIVALENCE (TlllOTDOT,  W(l)),  (AM'"IX)T,  W(2)),  etc. 

Similarly the left-hand side variables,  namely,  the integrator inputs (x), the 
summing point variables (y),  and the external output variables (r),  are equated 
to tlie array vd),  1 = 1,   2,  .  .  .  n in that order.    For example: 

• V(l)   =  MUELE * DEiJi  I MALK * ALF + MT1IDOT * TJIETDOT 
) MALKD * AhFIX)'!' 

• V(2)  -  TIIETUOT -,.. 

The parameters siuh as Vo,  M(»',  M5e, etc., are usually equivalenccd \o an 
array of constants,  C.  which is read in the initialr/ation part of the program 
for ease in programming. 

generally, a flight control system consists of several interconnected dynamical 
blocks (i.e. ,  subsystems).    The overall system model is obtained in two steps. 
I'irsl each Subsystem model is generated.    Subsequently, they arc combined 
using interconnection equations to get the combined model. 

Subroutines implementing the subsystem differential equations are named as 
follows: 

SI MKS -   SENSOR 
SIMKV =   VEHICLE 
SIMKA -   ACTUATOR 
SIMKC CONTROLLER 

The subroutine implementing the interconnection of sensor,  vehicle and 
actuator (i.e. , plant) is named SIMKP.    The subroutine implementing the 
interconnection of the plant and the controller is named SIMK. 

MODELING WITH TRANSFER FUNCTION INPUT 

As described previously, the simulation subroutines (i.e. , SIMKC, SIMKV, 
etc.) implement the "differential equations" of subsystem dynamics.    To 
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develop a simulation subroutine for a system characterized by its transfer 
function, it is required to draw first a state diagram of the transfer function 
and subsequentl.v to obtain the differential equation from the state diagram. 
This process can he automated for rapid and efficient input of transfer !'iinc- 
lion blocks into Hie DldlKON system. 

In the following we present an approach to carry out system modeling by soft- 
ware with transfer function inputs.     The approach consists of two parts:   (1) 
For each transfer function block,  the corresponding quadruple is obtained, 
and (2) the subsystems are combined using the interconnection equations and 
the overall system quadruple is obtained.    In the following we discuss each in 
that order. 

Transfer Function and its Quadruple 

Consider a system characterized by its output/input relation: 

n 
U(s) 
ÜTsT ll(s) = 

b s    + b    , s        + n n-1 
n   . n-1  , as    + a    , s        f n n-1 

+ ^s + b 

——'• V + a.s f- a 1 o 

(35) 

There are many ways of realizing this transfer function.    (See Appendix H 
for major realization forms, )   In the following we shall develop the Input 
Frobenius form realization and obtain the corresponding quadruple in para- 
metric form for software implementation. 

The long division of Equation (35) yields 

n 

" 
b  1 

~ ■ b - 

b    , " 
n 

a    i s         + . . + b   - n a n-1 a n-1 0 a o in/        J \   ni    j 

as a    . s + n n-1 .  + a,s + a 1 o 

(36) 

This can be written as 

H(s) = 
b 

a 
'J1 

*an/ 

n-1 

b 1 n 
a   an-l n/ 

s""1. 
o Kl 

n i. s    ■•- 
/ a n-llsn-l+ 

/a 

a 
I     n n; J 

(37) 

Figure 14 shows the state diagram corresponding to Equation (37).    The cor- 
responding quadruple (A,   B, C, D) is directly obtained from the state diagram 
and is presented below 

(38) 

:»3 
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li = col 

C = 

I 
0.  0 

b    - H1   a u      a        o '   n ' n ' 

n 

1 
a 

n -i 

n-1 a   I   n-1 
n/ 

The transfer function coefficients in liquation(35)form a 2 x (n+1) array as indi- 
cated below 

11s, n-1 

n-1 

bl 
b o 

al ao_ 
(39) 

where J is the transfer function block number (l^igure 15). 

liquations (38) and (39) form an algorithm for obtaining the quadruple of an 
n-fli order transfer function.    Subroutine THANSK implements this algorithm. 

r 
<D 

1 

,._    i 

Figure 14.    Input Frobenius Form State Diagram of a Single Input, 
Single Output Transfer Function 
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Ovci-all Syslom Cjuadruplo 

To develop the overall system quadruple,  one must combine the subsystem 
quadruples obtained as described above using the interconnectiqn relations. 
To demonstrate the approach taken, consider a block diagram of a system 
containing three transfer function blocks as shown in Figure 15. 

HS1 

rd) 
BLOCK 1 

r(l) 

Figure 15.    Hlock Diagram of a System Containing Three 
Transfer lUocks 

Fach block is idmlificd by lour qn.-inl i lit-s:   (1) ;i blork nuinbiT,  (1!) IIS array 
t'citrcHi'iiliii); llir Ir.'iiiMri-i' riiiM'lii»n il.'iln.   (H) MI.-IIC   VI < IDI   tiiiinbir,   tniij (I) 
'Hi! pill'iri|)iil  |«iir.     Wf IM»!«' Ili.il  lln    in|iiilii tui'l •IIII|IIIIM (\   •    <   uM ).   uf).   und 
rM )) »•xtcriifil lo Ihr box ;ir»' inifüibfn i iplnl VHIIMI'I'M.   WIKM »-MM inMi'l" Hu. Im» 
thfy are subscripted with i dcnofing that tliey Mr«' inlfinal VJU inbh's- 

With these definitions,   the simulation equations corresponeling In Ihc sysh-ni 
shown in F'igure 1 5 can be written as follows 

x(l)- Ajx(l) t I'^u.d) 

x(2) A.,xCi) • \i.,u.(i) 

x(3)- A,x(3)+ Koii.n) 

)    Dyii.imjcs (-1«») 
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r.(l) = CjXd) + DjU.d) 

r.(2) - C.,x(2) + D0u.(2) 

r.(3) = C3x(;3) f l)3ui(3) 

)   Internal outputs (41) 

u.(l) = r.(2) f r.(3) 
i i i 

ii.(2) = u(l) - r.{l) 
i i 

u.(3) -- ii(2) 

r(l)  = rvd) 

Internal inputs 
(interconnection relations) 

\   External output 

(42) 

(43) 

The quadruples (A., B., C., D.) i = I,   ?, 3 are provided via subroutine 
THAWSK.    The set of equations given above are implemented in a compact 
form in subroutine SIMKT.    The combined system quadruple is obtained via 
STAMK as described previously. 

Here we note that the "form" of the dynamical equations and the internal out- 
puts are invariant (Equations (40) and (41)).    With an additional index indicating 
the block number,  they can be expressed in a compact form for an arbitrary 
number of blocks.    We also note that the variable part described by Equations 
(42) and (43) have the following structure: 

u. = P r. + Qu 
i i 

r   = R r   + Su 

(44) 

(45) 

The quadruple (P, Q, R, S) appearing in Equations (44) and (45) are called 
the interconnection quadruple. For this example their values are given as 
follows: 

P = 

R = 

- 0 i 1" "0 0" 

-1 0 0 ,    Q = i 0 

L o 0 oJ Lo 1 J 

(i 0 0), s = (0 0) 

(46) 

This shows that it is possible to use the same simulation subroutine for model- 
ing with arbitrary transfer function blocks and interconnections can be used if 
along with the transfer function data the connection quadruple (P,Q,R,S) is 
input.    The interconnection quadruple of SIMKTC is not implemented in the 
DIC.IKON system. 
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I'or a demonstration of Ihf approach, subroutint' SllMKTC" implcnunts liqua- 
tions (40) through (43) lor the F-4 continuous controller.   This is presented 
in Appendix A. 

TKANSFORMATiONS IN STATK SPACK 

Disirete models for both the control and the plant are required to perform 
snmple rate and wordlength tradeoff studies.    We present two methods for 
obtaining these models from their continuous representations.    All discrete 
models are expressed by the following standard-form set of difference 
equations 

x(k+l)      !•' N(k) i  C ii(k) (47) 

.y(k)      II x(k) i   Ii u(k) (4M) 

when" 

x(tk)   -- x(k) 

y(tk)  -- y(k) 

iKt.)  --■ u(k) 

'I'lu- /-transform is used to develop the discrete model of the plant.    The Tustin 
transform (T-transform) is used to develop the discrete model of the control- 
ler from its continuous model (digitization).    The z-transform can also be 
used on the controller. 

To facilitate direct digital design,  the w-transform is also developed.     The 
results are summarized briefly in the following paragraphs. 

DISCRETE MATRIX MODEL FOR THE PHYSICAL PLANT 

Referring to Figure 16, we see that there are two kinds of inputs to the plant. 

1) Continuous inputs (wind gusts and other analog disturbances, il  ) 

2) Piecewise constant inputs (from the zero-order hold units, x. ) 

The problem here is to find the exact response of the plant states at sample 
points as well as all other intersample time points with these inputs. 

The analysis starts with the physical plant continuous matrix quadruples (Ap, 
Hp, Cp,  Dp).    This quadruple is obtained by software (STAMK) from the      r 

simulation equations of the plant as discussed above.    The physical plant 
equations are given by 
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UP,   " "q 

X, (k) 
ll 

TO DIGITAL 
COMPUTER 

X^t) 
r 

7 
B 

B"3 
0P 

t      ( «„«' 
1 
s 

! ; ̂  1 
s 

CP r^- 
0 

w  

<< ̂  

A» 

l-igure 16.    State Diagram of I'hysical Plant Including Hold Elements 

x     -   A x   + M u 
P P P       P P 

y     -    C x    M) u 
P P  P        P P 

'he state response is given by 

A (t-t, ) t    A (t-s) 
x (t)   =   c   p      K   x (k) + r e   p        B u (s) ds 

P p        t p p 

(49) 

(50) 

(51) 

whore x (t. )   :   x (k). p   k p 

In (he following, the diserete matrix model dor the physical plant with piece- 
wise constant inputs is developed.    [For the response to both kinds of inputs, 
st-e liquation Cn?) or page 10!», ]   For this case the state response of the 
plant is given by: 

xp(t)   =   e 
A (t-t. ) /,(1"tk)   A  s 

!i      '   xn(k) + |J        e   p   Bplds| up(k) (52) 

where o ^ (t-t.) ^ T. 

At sample points we have 

xp(k+l)   =   ••pxp(k) + Gplupl(k) 

where xp(tk+1) xp(k+l) 

(53) 

28 

_ --■;j^—r iii^i]iaJM1--/—-■-•■--■■-'— - ^  -   - -~      --^^ 



mm wmmmmmmmi ^PH^üRHPHvvpvaMHnnPBNiiiPPPwnppvMPPw ■ ' ■ IU ' "   ' ■'     '-"■' 

A  T 
,. 0   P 

P 
T    A  s 

C 
Pi J"   -   P    "^ 

o Pi 

(34) 

or 

c; 
pi 

A  T 
I    A. |{ 

pl 
(36) 

if the inverse exists. 

In dynamical systems with a pure integrator,   Equation (r)6) cannot apply,  since 
Ai)     does not exist (system has a zero eigenvalue).    To circumvent this ap- 
parent singularity we assign a state vector to holding elements as shown in 
Figure 16 and develop the transition equations for this homogeneous system. 

The augmented state equations are written as follows: 

x x     =   A  x    Mi  -u (k), 
P P P        Pl  P 

0 

xp(k) 

xh(k) 

po 

kho 

where u (k) 
P 

xh(k) constant for t,   * t < t. ,,. k k+1 

This is equivalent to the homogeneous system 

x   =   Ahx 

where 

(57) 

(58) 

(59) 

Ah = 

A a 

o 

The transition matrix for this system is given by 

V F    = e h     e 

where by definition 

(60) 

(61) 

h (62) 
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Tlierefore,  by this procedure we ehminated the integral given by Equation (55) 
or the relationship given by (56) which is unduly restrictive. 

In summary, we first form Equation (60) then evaluate (61) as described 
below, and, finally, partition F. as shown in (62). This yields the sought 
matrices F    and i-'pi- 

AT To compute F = e      ,  we use the following algorithm: 

eAT3(l + e.AT)-1(I + eAT) (63) 

= (1+1-AT+V^ (AT)2 
K.i)

m ümül + E .-i (I+1+AT+L^r)_ + 
O Ma m: 

(AT) m 
+ E J 

(64) 

where m is the maximum power used in the rational approximation.    For 
m = 3 this yields 

eAT =   K    +   0(T5) 
P 

(65) 

WlU'fO 

VP '■ 1 

'V'-f ' (AT)2      (.\'l){ 

4 12 

.,    _ .  . AT  . (AT)2+(AT)3 

b 2 " i f — + -j-     IT 

(66) 

(67) 

(68) 

The terms appearing in Equation (64) are recursively computed.   An option is 
available so that the power series expansion 

,. 2 
F(T) = 1 + AT + ( AT 

(69) 

AT of e       can be computed for specified numbers of terms as well.    The 
algorithm specified above is implemented in Subroutine EXPK3. 

Selection of Transition Time 

The transition time T used in EXPK3 is computed from 

T.   = 2"k T k s (70) 
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where 

T     =   Sample interval over which matrix expotential is computed 

k      =   integer ^ 1 

The subinterval index k is predicted using the maximum eigenvalue of the 
continuous system matrix A. The actual value of the parameter k and the 
intersample time interval, T^, a. «• subsequently obtained using a relative 
error criterin. 

Since 

l''(T.) = M'CJ'Jr (71) 

the successive values 

,k+l 2k 
[I'd , ^ -)]"        and [FCl   )|"    are computed,   and the relative error 

on each element is found,    Vhc index k is incremented until the maximum 
relative error becomes less than a specified number.    Non-normal exit with 
a proper message occurs if k exceeds its limit,  or if the relative error can- 
not be reduced further.   This computation is followed by the eigenvalue and 
sleady-state gain checks.    The steady-state gain is defined as the steady- 
stale value of the state vector of the system,  subjected to unit step input,  if 
it exists (i.e. ,  N      0 for continuous systems; x. 1 ,      x.   for discrete systems). 

Since the sampled states and continuous states must have the steady-state 
value we get the following gain check equation 

-A'1»     (I -  I')"1 G 

The subroutine i:\l>K2 implements the above algorithm. 

(72) 

The eigenvalues are computed both in the z-plane and the s-plane.    The 
eigenvalues s.   of the A matrix is transformed to /-plane using 

:{1 
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Pk =   e 
skTs 

and subsequently compared with the eigenvalues of F(TS).   Also, the eigen- 
values zk of F(To) are transformed to the imaoA-a-nio"« .w» 

(73) 

and compared with the eigenvalues s.  of A.   As is well known, this inverse 
process is not one-to-one unless the half sampling frequency 

, --"«H"«»*y yompareo witn the eigenvalues of F(To)    A 
values^zk of F(Ts) are transformed to the image-s-plife via 

sk = Y-(logIzkI + J 8k)       where \' \\\ej0k 

ou 
S    = TT 

T    T 
3 (74) 

is greater than the maximum frequency (i. e., the largest imaginary part) of 
the eigenvalue of A.    In many cases this condition is violated (foldover).    The 
program computes the foldover index q from the relation 

w   a OJ + q w 
(75) 

where 

uu = corrected frequency 

3) = computed frequency from Equation (73) 

Hi   = sampling frequency from Equation (74) 

Both corrected as well as folded frequencies are printed out for comparison. 

This finishes the description of the algorithm for computing the pair (F, G). 

Obviously, for this case, the output equation   (see Equation (48)) remains the 
same.    That is. 

P       P 

P P 

Then at sample points,  the state of the plant is described by 

xp(k+l)   =   Fpxp(k) + Gplup(k), xp(o)   c   Xpo 

yp(k)   =   tycp(k) + Epup(k) 

(76) 

(77) 

(78) 

(79) 
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This finishes the description of the algorithm for obtaining the discrete 
matrix quadruples (F . G ., H , E ) corresponding to the physical plant or 
control plant driven by piecewise constant inputs. 

Again we note that the discrete matrix quadruple (F . G -, H . E ) of the 
plant as generated above is a function of the sample time. T .   The sub- 
routine which implements this algorithm is called subroutine EXPK.   It is 
fully documented in Section IV of Volume II. 
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Automatic Exponentiation and its Relation to Direct Digital Design 

Taking the z-transform of Equations (78) and (79) gives 

(zI-F ) X (z) = z x (0) + G U (z) 

VZ) = HPXP(Z, + EPUPU) 

(80) 

(81) 

Assuming zero initial conditions [i. e., x (0) = 0] we obtain the input-output 

relation of the system in the z-domain as follows: 

Yp(z) = (np(zI-Fp)-1Gp + Ep]Up(z) (82) 

The z-transfer function between the i-th output and the j-th input is then 
given by: 

Yi(z) -1 rrr—r= H..(z) = h . (zI-F    L) g . + e .. UjU)    p i]v '      piv        P    ; eP3      pij (83) 

where h„. and g . are the i-th row and j-th column of the H   and G   matrices, pi        ^pj p p 
respectively. 

We note here that the presentation of design methods and procedures is outside 
the scope of this work.   However, we point out that the available software in 
this program can be used to facilitate the design. 

For "direct digital design" in the z-domain, for example. Equation (83) (or 
(82)) becomes the starting point of the design (i. e., the z-transfer function of 
the free-plant).    The poles and zeros of these expressions are found by 
software (POZK) as will be described later.   Subsequently, compensators 
are designed using the ropt-locus in the z-plane. 

DISCRETE MATRIX MODEL FOR THE DIGITAL CONTROLLER 

To develop a discrete time model for the continuous controller dynamics, the 
matrix version of the Tustin algorithm is used.   The z-transform could also 
be used (as above for the physical plant) to obtain somewhat different results. 
The analysis starts with the continuous controller matrix quadruple (A , B , 

C , D ).   (This quadruple is obtained by software (STAMK) from the simu- 

lation equations of the controller as discussed in Appendix A.) 

The control!« r equations are 

x   ? A x   + B u c       c c       c c (84) 

y   = C x   +D u •'c       c c       c c 

Transforming Equation (84) gives 

Xc(s) = (sI-Ac) -1 B U (s) c   c 

(85) 

(86) 
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This can be written as 

Xjs).    1^1--^ 

-1 
B T 

(87) 

sT        z-1 Now replacing SK- by r+f (Tustin's Rule), we obtain 

„  , A T    \"1   B T 
Xc^= I fir1--!-      -i-uc^ (88) 

Clearing the fractions and rearranging. 

Xc(z) « (zl - Fj"1 Fgf1     (zl+l)    Fj-1 Gl Uc(z) (89) 

where 
A T 

I- (90) 

/       AT 
F2=       I+-f- 

B  T 
G, =     £ 

(91) 

(92) 

We note here that F. and F   are analytic functions of A .   Therefore, they 
commute with A . c 

From Equations (90) and (91) it follows that 

I = 2F        - F        F ^   1 1 2 (93) 

Substituting this into the second term of (zl+l). Equation (89) becomes 

Xc(z)=   [(F^GJ+IZI-F^FJ'
1
   2F1-

2G1]uc(z) (94) 
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Substituting this into Equation (85) yields 

Yc(2) = rcc zl - Fl
mlF2 -1 2F1-

2G1 + ^FJ^GJ + öl   UC(Z)    (95) 

The transformed system has a new set of states which we shall identify with 
the subscript d. 

Letting 

F   =F'1Fn c        1       2 

Gc  '   2Fl'S 
Hc=Cc 

(96) 

(97) 

(98) 

c       -c     -c-1    -1 <9^ 

one can write the state equations of the digital controller as follows: 

xd(k+l) = Fcxd(k) + Gcuc(k) (100) 

yc(k) = Hcxd(k) + E^ujk) 

Dc+ccFrlGi 

c c (101) 

We note that Equations (100) and (101),  with matrices defined uy Equati 
(96) through (101),  have the transfer function eiven in EnnaHrm /Q«;\ function given in Equation (95). 

The state diagram of the digitized controller is shown in Figure 17. 

ions 

U (k) 

2fl-hl •v1^ 

1 
7 

K/k) 

^ -•—m 
xc(k) ye0<) 

Figure 17.   State Diagram of the Digitized Contrail fir 
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In Figure 17, 

x .(k) ■ State of the digitized controller 

x (k) = "Digitized state" of the continuous controller c 

y (k) = "Digitized output" of the continuous controller 

We also note that the controller matrix quadruple defined as (F , G , H , E ) 
w w w C 

is a function of the sample time, T (see Equations (90), (91) and (92)), 

The system quadruples defined by Equations (96) through (99) are implemented 
in subroutine SWZK.   It is fully documented in Section IV of Volume II. 

The Tustin transfer function is given by Equation (95).   As with the physical 
plant model, the poles and zeros of this function can be found using a sub- 
routine (POZK) with the developed quadruple. 

Steady State Gain 

The steady state response of x (k) to a unit step input is obtained from 
Equation (94) as follows: c 

xcss = [FrlGi+(2i - ^'S)"12Fr2Gi] 
z = l 

(102) 

This can be written as 

ess V1 +2Fi"1<F
1 " F2) ■h (103) 

Using Equations (90),(91),  and (92) with (103) yields 

x       * 
CSS [vl 1+  - 

A T -1 B T 
-£- 

2 
(104) 

/     APT|-1 

Factoring   - -f- • J and making use of Equation (90) finally yields 

x       = -A "^ ess c      c (105) 

37 

iLi_.        ii i •liiiiim.lur-——'"-"'*•—''•M^•'"'," 
    n ■■■--^■■■i..<«n.-|mi«»l   11 IP ' V II■I« irHlUlim 

■ ■ —- 



wmmmm 1 '     "l" '"V ' M« imniiw.ipjpj», wmm- ~- 
""I mP■» ,»i« m.w ,.II .i..» m nmrmmmimrm^m, 

This shows that the steady state gain under the Tustln transformation is 
invariant.   If the continuous system is prewarped for locating the critical 
frequencies, a correction to the gain term is made to maintain the steady- 
state gain invariance. 

Prewarping for Pole Placement 

Consider the foMowing conformal transformation 

«s,.(i-2|rM.+ 
sT 

2 
(106) 

We can define a matrix function of a matrix A, corresponding to Equation (106) 
as follows 

F(A) = i   Air1   T t AT 
1 "   2 2 

(107) 

Let the eigenvalues of A be {s. } k = 1, ... n.   Then the eigenvalues of F(A) 
are given by 

?k(T) = 
skT\-l    I      s T   \ 

1 - —^— 1 + ~— 1    2      r    2 k = 1,  ....  n (108) 

This relation shows that when A is a stability matrix (i. e., all eigenvalues 
are in the L. H. Plane), then eigenvalues of F are in the unit circle.   We 
note that the same is true for the matrix 

F(A.  T) = e AT 

generated via the transformation 

f(s) = esT (109) 

when the eigenvalues 

s T 
zk(T) = e (HO) 
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For each fixed s., the locus of Equations (108) and (110) as a function of 
sample time parameter T shows that 

Xim ?k(T) = -1 

T — 

(111) 

and 

iim zJT) = 0 (112) 

Also, ?k(T) does not cross the real axis in the range 

0 < T < » (113) 

This implies that the poles of ?k(T) always remain under the half sampling 
frequency (TT/T).   Therefore, under this transformation, the "system modes" 
do not foldover for any sample time.   The penalty we pay for this nice 
property is the shift in frequency.   The shift can be compensated for a given 
sample time T.    This is called prewarping of a continuous system.   We note 
that when the system is pre warped to maintain critical frequencies, the non- 
folding property of Tustin is lost. 

Let A be the prewarped transition matrix corresponding to a continuous controllei 
matrix A.    Let F be the corresponding discrete system transition matrix 
defined by Equations (90), (91) and (96).    If F is to have the same poles it 
must be similar to e AT The simplest case is: 

F - eAT (114) 

or 

= e AT (115) 
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Solving this for A yields 

~      2 AI 
A = Y  tanh    2 

On the other hard, from Equation (93) we obtain 

(116) 

-1     1+ F 
' 1 2 

Substituting this into Equation (89) and introducing a gain matrix K 

(117) 

H(z) = K(zl- F)'1   (^-£)    U + l)   BT/2 (118) 

The steady state gain invariance requires 

H0^Kd-F)"1    (1+ F)   BT/2 = -A^B 
CSS 

Solving for K yields 

Kt ~   -1 AT -1 
K =(I- F)(I + F)  1 (-^)  1 

Substituting Equations (120) into (118) yields 

(119) 

(120) 

H(z) = (zl - F)"1 (F - I) A"1 BZ-~± 

using Equation (114) gives 

(121) 

H(z) = lzI-eATl-1feAT-llA-1B^il 

G = (eAT - IJA'1 B 

(122) 

(123) 

Then Equation (1J2) can be written as 

S(z)=^+(zI-Fr1(ilF)G (124) 
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Now by inspection we can write discrete quadruples corresponding to 
the prewarped Tustin transformation as follows: 

F«eAT (125) 

G =(eAT - I)   A^B (126) 

H=(C+CF)/2 (127) 

E = D+^f (128) 

Note close resemblance between above and the plant discretization given by 
Equations (52), (54). (76).  and (77). 

State Model of the Discrete System in the w-Plane 

Direct digital ccntrol synthesis in the z-w plane calls for algorithms for 
finding the w-plane transfer function from the z-plane transfer function and 
vice versa.   In the following we present one such algorithm based on a 
systems approach.   The development starts with the discrete system matrix 
quadruple (F. G.  H, E).   (This quadruple is obtained by a software (STAMK) 
from the simulation equations of the discrete system structure as discussed 
above.) 

The system equations are: 

x(k+l) = Fx(k) + Gu(k) (129) 

y(k) = Hx(k) + Eu(k) (130) 

Transforming Equation (129) with zero initial conditions yields: 

zX(z) - FX(z) + G U(z) (131) 

The transformation to the w-plane is defined by 

, - 1 + w 

The inverse transformation is then given by 

(132) 

w=f^ (133) 
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Substituting Equation (132) into (131) yields: 

X(w) = - wl - (-F^1 F2)       Fj"1 (wl - I) G U (w) (134) 

where 

F1 =(I + F) 

F2 =(I- F) 
(135) 

(136) 

From Equations (135) and (136) it follows that 

I-F1-
1F2 + 2F1-

1 

(137) 

Substituting this into the second term of (wl -I), Equation (134) becomes 

X(w) = {IwI-(-F1"
1F2)]     2F1"

2G - Fj"1 G}U(w) (138) 

Substituting this into Equation (130) yields the input-output relation in the 
w-plane: 

Y(w) = [H [wl - (-F^1 F2)]      2F1"2G - H Fj'1 G+E}U(w)      (139) 

The transformed system has a new set of states which we shall identify with 
the subscript w. 

We define w-plane quadruple as follows: 

(140) 

(141) 

(142) 

(143) 

A    = 
w -Fr % 

B    = w 2FI -
2G 

Cw° H 

Dw = -H F ("'G + E 
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dxw 
"ar = A

w
xw+ Vw 

yw = Cwxw+DwUw 

(144) 

(145) 

We note that Equations (144) and (145) with matrices defined by Equations 
(140) through (143) have the transfer function given in Equation 139. 

The state diagram of the discrete system in the w-plane is shown in Figure 18. 

U (w) 

Figure 18.   State Diagram of the Discrete System in the w-Plane 

In Figure 18, 

x    = state of the w-plane system 

x    = state of the discrete system in the w-plane 

y    = output of the discrete system in the w-plane 

The poles and zeros of the transfer function are obtained via POZK using the 
quadruple (A      B  , C   . D   ).    The system quadruple defined by Equations w      w      w      w 
(140) through (143) are implemented in Subroutine WZK.    The transformation 
back to the z-plane is carried out in a similar fashion using Equation (133). 
The summary of the results on transformations are presented in Tables 1, 2 and 3. 
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Table 1.    s-Plane to z-Plane Transformation 

s-Plane Data A B C U 

z-Plane Data V G H E 

(■'.-transform with hold) F ■ eAT Ü =(eAT-I) A*lB H « C E = ü                        j 

'z-transform without 
nold) 

, : eAT G » eATB H «C E • 0 

C.ustin) y-v^y. G = 2F  "^j H ■ C E • U+CFJ'^J 

v'-¥ l,i'-r 

'v-¥ 
(Prewarped Tustin) 

AT 
!•   = e G = (eAT-I) A-lB E=D+^ 

Table 2.    z-Plane to w-Plane Transformation 

z-Plane Data V G H K 

w-Plane Data A 
A 
n c D 

' i s'+ '•■ 

I.-2 = i - i- 

n = ZKJ^GJ 

G^G 

C = H D = F-HF^Gj 

Table 3.   w-Plane to e-Plane Transformation 

w-Plane Data A n C 
A 
D 

z-Plane D.-.ta F G H K 

1 

'• - f-r2i-2 

Fj  = 1-A 

F2 = I+A 

G =2F'2G] 

GJ    =   B 

H - C E • D   +C   F^Gj 
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To demonstrate the application of these equations we present a simple example 
in the following. 

EXAMPLE 

Consider the following z-plane transfer function 

„ , . _ 3(.368 z + .264) 
Ho(z) " (z-lHz -  .368) (146) 

This can be put in the following form 

H0(z)= 1.104 ^ (z + .7174) (147) 
z    -  1.368z + .368 

Figure 19 implements this transfer function as an Input-Frobenius form. 

Figure 19.   State Diagram of II (z) 
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The discrete system quadruple (F, G, H, E) is obtained from Figure 19 by 
inspection, and given as follows: 

F = 
0 I 

.     G = 
o    - 

.368 1.368 1.104 J 
,    H = (.7174     1.), E = 0    (148) 

It can easily be shown that the transfer function 

Hll(z) = H(zl -  F)'1 G + E 

evaluated with Equation (148) is the same as Equation (147). 

(149) 

Now transforming quadruple data in Equation (148) to the w-plane using the 
appropriate equations given in Table 1 yields the w-plane quadruple data: 

w 

0 1 

0    -.462 w 

0 

1 
, C    =(.69299    .976), D    =1.14168(150) w w 

It can easily be shown that the transfer function 

H.-M = C   (wl - A   )"1 L    +D 11 w www (151) 

evaluated with Equation (150) yields 

Hjjfw) = -1.14168 w   - .393w - .607  _  
w    + .462w 

(152) 

This can be written as 

1.5(1 - w) (1 + w 

Hjjfw) TWT 
/ , w    v w(1 +:w) 

(153) 

The same result is obtained by substituting 

1 + w 
Z  = -j  

1   -   W 
(154) 

into Equation (146) and clearing the fractions.    For large systems, the 
substitution approach is not suitable for automatic evaluation of 
Equation (153) due to the associated algebra.   The quadruple transfor- 
mation approach on the other hand is simple,   accurate and suitable for 
large scale systems.   We note here that Equation (154) and its inverse. 

4b 
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w - 1 (155) 

given by Equation (155), are one-to-one transformations.   Therefore,  if the 
w-plane quadruple (A   . B  , C   , D   ) given in Equation (150) were trans- 
formed back to the z-plane, the result would be identical to that of Equation (148). 

Figures 20 and 21 demonstrate this fact, using the F-4 digital controller for 
the sample time T = 1/40 sec.   In figure 20, the controller quadruple 
( F, G, H, E) in the z-plane is entered, and the w-plane transform (A, 
is computed.    Subsequently,  this data is entered and its z-plane 
transform is computed as shown in Figure 21.   As expected, the output 
data in Figure 21 is equal to the input data in Figure 20. 

.B.C. wJ    w*    w D   ) w 

OVERALL SYSTEM MODEUNG  FOR SINGLE RATE SYSTEMS 

Having the discrete model for the plant and for the controller, we would now 
like to develop analytically the discrete model of the plant-controller system. 
We need this for trade studies of sample rate and word length. The complexity 
of this model depends upon the form of the control (algebraic or dynamic) and 
the number of different sample rates in the combined system.   (We neglect 
computational delay effects here for simplicity.   These are considered below.) 
We show how to construct the overall discrete system model for a single 
sample rate here, and consider the extension to multiple sample rates in the 
next section. 

Algebraic Controller 

Figure 22 shows the general block diagram of the single-rate system under 
consideration. 

The plant has the usual discrete representation 

x (k+1)      =  F x (k)+G u (k) 
P P P p P 

rp(k) = Hpxp(k) + Epup(k) 

The controller, for the algebraic control system, has the form 

rc(k) =Kuc(k) 

(156) 

(157) 

(158) 
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ii(t' 
11 It) o^.- CONTROL 

SYSTEM r  (k) 

(k) 

PLANT 
:i;; (k) 

(k) r(k) 

Figure 22.   Block Diagram of a Single Sample Rate System 

That is,  the control system box in Figure 22 contains the gain matrix K.   We 
also have from Figure 22 that 

u (k) = rc(k) 

uc(k) = u(k) - r (k) 

(159) 

(160) 

Our objective is to reduce Equations (156) through (160) to the form 

x(kH-l) = F x(k) +G   u(k) (161) 

r(k)      = H x(k) + E  u(k) (162) 

where u(k) is the sampled version of the input u(t).    This is the overall discrete 
representation of the system of Figure 22.   One easily solves Equations (156) 
through (160) to obtain 

(163) 

(164) 

(165) 

(166) 

(16?) 

(168) 

x(k) = xp(k) 

r(k) - Vk) 

F = F   - G K M 
P        P 

H 
P 

G - GpK M 

H = MHp 

E = U E   K 
P 
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with 

M = [I + EpK] -1 (169) 

In words, the state and response of the single sample rate system with an 
algebraic controller are the state and response of the plant.   The matrix 
quadruple (F, G, H, E) is computed from Equations (165) through (169). 

Dynamic Controller 

In this case the plant in Figure 22 is represented by Equations (156) and (157), 
and the control system is given by similar expressions: 

x„(k+l)   - F x (k)+G,u (k) c c c c   c 

rc(k)       = Hcxc(k) + Ec uc(k) 

(170) 

(171) 

The relationships of Equations (159) and (160) still hold.   Our objective is to 
derive the overall discrete representation [Equations (161) and (162)] for the 
system described by Equations (156) and (157), (159) and (160), and (170) and 
(171). 

The discrete overall representation is much harder to obtain for the dynamic 
controller than for the algebraic controller.    One finds that 

x(k) = col [x (k), xp(k)] 

r(k) = col [r (k), r (k)] " c 

(172) 

(173) 

F F Ml     r12 

F21     F22 
(174) 

G = 
e. 

(175) 

H = 'Hll    H12 

LH11    H22. 

(176) 
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E 
E, "I 

A (177) 

Fi,   * F   - G   M Eo H 11 P       P c    P 

F12 = Gj M Hc 

F21  = -GJ1 " Ep M E c]Hp 

F22 = Fc - Gc Ep M Hc 

Gl « G   M E 
P         c 

G2 = Gc [I - Ep M Ec] 

Hll = [I " Ep M Ec] Hj 

H12 P         c 

H21 =  - M E   H c    p 

H22 
3 M II c 

with 

E.   - E^ M E 1 p c 

E,  = M E 2 c 

M   = [I + E E  1 c   p' 

(178) 

(179) 

(180) 

(181) 

(182) 

(183) 

(184) 

(185) 

(186) 

(187) 

(188) 

(189) 

(190) 

In words, the state of the discrete systep of Figure 22 with a dynamic con- 
troller is that of both the control system and the plant.   The response of the 
overall system is that of both the controller and the plant.    The matrix 
quadruple (F, G, H, E) is derived in terms of the quadruples of both the 
controller and the plant.   These expressions can be evaluated on the digital 
computer directly.   The analytic derivation gets worse for systems with more 
than one sample rate. 
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Parametric Interconnection Model and Interconnection Quadruple 

The previous example leads us to the parametric interconnection model with 
interconnection quadruple (P, Q, R, S).   This is illustrated in Figure 23. 

Figure 23.   Parametric Interconnection Model 

Let 

x.     * col(x , x ) = augmented state 

r.     = col(r , rc) = augmented internal output 

Uj     = col(u . uc) = augmented internal input 

u      = external input 

r      = external output 

Let (F., G., H., E^ be the augmented quadruple given as follows; 

Fi = 

rF   o n 
p 

• Gi= • Hi= 

"Hp   0- 

■ E„ ■ 
■EP o i 

Lo FCJ i Lo GJ i L0 HJ p L0   EcJ 
(191) 
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The following system of equations describes the overall system model: 

x+  = F. x + G.u (192) 

r.    = H. x + E.u. (193) 
1 1 IK 

u.    =Pri+Qu (194) 

r     = R r. +Su (195) 

Solving Equations (193) and (194) in terms of x and u yields: 

r.    = (Ir. - E.Pf^H.x+E.Qu] (5) (196) 

u.    = (Iui - PE.)'1 [PH.x+Qu] (6) (197) 

Substituting Equations (197) and (196) into (192) and (195) yields the overall 
system quadruple in the form of Equations (161) and (162) 
where 

F   = [F. +G.(I  . - P E.)"1 P H.) (198) 1   i       i ui i i 

G   = [Gi (Iui - P E^"1 Q] (199) 

H   = [R (Iri - E.P)"1 H.] (200) 

E   = [R(Iri - E.P)'1 E^ + SJ (201) 

OVERALL SYSTEM MODEUNG FOR  MULTI-RATE SYSTEMS 

In the following, an overall state model is developed for an algebraic digital 
control system (Figure 24) having two different sample rates (inner loop and 
outer loop rates). 

The following equations are derived based on Figure 24 with the digital con- 
troller (or the digital Computer which implements the control law) which 
operates on an input sequence of sampled information to produce an output 
sequence of sampled output^   This sampled output is converted to the piece- 
wise constant signal by the holds HI and H2. 
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(PLANT) 

Figure 24.   Two-Rate Algebraic Control System 

It is assumed that the outer loop sample time T2 is an integer multiple of the 
inner loop sample time Tj.   In this case T2 becomes the program period, and 
the transition equation at the sample points kT2,k = 0, 1, . , ..becomes 
stationary.    This equation is given by 

x(kT2 + T.,) = Fx(kT2) + G fp(kT2) (202) 

where 

FMF^ + G^H,), 0=^*1 1   TVJ'2IW (203) 

G9 = (F.^1 +.  .  . +F- +I)G. 

Fl = (F1 +GiK1H1) 

(204) 

(205) 

AT. 
Fj-e (206) 

rTi  As    ,       ATi      -1 Gl  = Jn    e    Bjds = (e       -I)A    Bj (if A has no zero eigenvalues)   (207) 
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Tl   As, AT' G, = J   1 eA8B9d8 = (e     1 - I) A^B. (208) 

The stability properties of the system are obtained using F. 

DELAY SYSTEM MODEUNG 

A block diagram of a model of a system with an algebraic controller and a 
computational delay is shown in Figure 25. 

HOLD s- ^       

•   *9 ► 
4, 

FP(T) 

COMPUTER 
T    SW2 
-O^O-J  K 

SW1 71 

XjL-_ _ Ji__J 

Figure 25.   Computational Delay Model 

L^T/r^i^31 the
k
contro1 inPut to the plant is update T   seconds after the state is sampled as shown in Figure 26. c 

I + 
t,. 

+ 

'k+l "k '•c 

Figure 26.   Timing Program for Delay System 
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Table 4 shows the sequence of transitions and corresponding transition equation 
for each transition. 

Table 4.   Sequence of Transitions 

\         Time DeicHption of Event Transition Equation 

tk 
Beginning of • new program cycle IxpV, xh(tk)l                                                       i 

V SW1 samplet x   (t^) and computation or 
controller output starts 

rc(tk) ■ K xp<tk)                                                     1 

W'c The plant state x   undergoes a continuous 
transition 

VV'V^Vk^^cW-'-'c  1 

tc+ 
SW2 transmits the computed output to 
hold unit x. undergoes a discrete 
fansition 

vw ■ ■•c(tk)                           1 

<c+<X*\H x   undergoes a discrete transition V^+i^V'^cVc^V'1--1".^^^ 1 

Let us define 

x = col (x , x.) (209) 

Then using Table 4 we can write 

x(tc +) = 
F(Tc) 

K 

and 

G(TC) 

O 
x(tk) (210) 

x(t k+1) 

F(T-T  ) c 

O 

G(T-Tc) 

m 

x(tc +) (211) 
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Substituting Equation (210) into (211) yields 

x(tk+l) = 
F(T-T  ) G(T-Tc) F(Tc) G(Tc) 

x(tk) 

or 

X(tk+1) 
"F(T) +G(T-T )K 

=     2  

L   * 
Noting that 

G^-T,,) = G(T) + F(T) G(-T^) c c 
F(T-T  )G(T  ) = -F(T)G(-Tn) c c c 

Equation (213) becomes 

F(T-T  )G(T  ) 
x(tk) 

x(kT+T) = F(T, Tc) x(kT) 

where 

and 

F(T,Tc) = 

Fp(T) = eAT 

Fp(T) + AH(TtTc)K  |   »AH(T,Tc) 

K I Ö 

(212) 

(213) 

(214) 

(215) 

(216) 

(217) 

(218) 

■> _      A<5 AT »1 
Gn(T)" J    e      Bds = (eA1 -I)  A ^B (if A has no zero eigenvalue)   (219) " o 

(220) 

(221) 

Fp(t) = Fp(t)+Gp(T)K 

AH(T.Tc) = Fp(T)Gp(-Tc) 
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It is Interesting to note from Equation (208) that the order of the dynamics 
which describe the state is increased from n to n+m where n is the order of 
the plant and m is the number of control inputs to the plant.   As the compu- 
tational delay T   is reduced, the plant state x (kT) becomes less dependent 
on the hold state xh(kT).    In the limiting case, this dependence becomes zero. 
Tne perturbation term given in Equation (221) is easy to compute and 

iim AH(T,T  ) = 0 
Vo 

(222) 

For small T , A H becomes proportional to T   and is given by: c c 

AH(T,T„) = -F(T) BT (223) 

The effect of computational delay on the stability of the digital system is 
studied by using Equation (217). 

GUST RESPONSE MODELING FOR SAMPLE TIME EFFECTS 

This model is used to determine the gust response (i.e., normal acceleration 
cross-range error, etc.) as a function of sample time.   The system specifica- 
tions (i. e., ride quality, landing specs) impose limits as to how large the 
sample time can be without exceeding these specifications.   In the following the 
gust response is determined not only at the discrete sample time points, but 
also at all other time points (intersample covariance) as well.   The inter- 
sample covariance is periodic, with periods equal to the program period.    The 
n-th order model is shown in Figure 27. — 

f(t)      0 

COMPUTLR 

Figure 27.   Gust Response Model for Sample Time Effects 
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The physical plant (aircraft) is described by 

x = Ax + BjU   + B2w (224) 

where 

w = white noise gust input vector 

"P ° «Vk» »k'^vi <225, 

We assume that the open loop transition matrix A has no zero eigenvalues. 
(This is not a necessary condition.   It simplifies the analysis.)  Then the 
intersample covariance response is given by 

X(t)   =   F(t) X(t. ) F'(t) + J eA(t"8)B2WB'   eA (t"8)ds (226) 

\ 

where the prime indicates the transpose, and where 

F(t)   =   CeAt + (eAt - DA^BK] (227) 

W   =   ECww'} 

^   ^  t <   tk+1 (228) 

The noise inputs, w, are assumed to be stationary.   In this case W is a 
constant matrix.   At the sample points (t = tk) Equation (226) becomes 
stationary; and if F(T) is a  stable  matrix, then Equation (226) has a steady 
state solution given by 

X = F(T)X F^T) fV(T) <229) 

where 

T / 

V(T) =     f     eA8B2W B^   eA   SdS (230) 

o 

This solution is computed by using the following iterative equation and fast 
partial sum technique. 

X(i+1)  = F(T)X(iI  F'(T) + V(T), X(0)  = V(T) (23!) 

62 

. .Jul , to h. ■»(*■»■.■, ■i.hfa I ri»..^.,^»*.- ^ .  ■  -•        - -  .. i  ■--■-•'■  ^*^**f~m*2*f****. _J 



wmm p ■""" ■' ■ ■ ■ ■ " IIJ«,l.i ■ llHipWBPfWPJIiWPBBfl^T^WI.W1 "I-.'li"*"l'W'M'J •.'w-»««'^!^-.^"«■wH-i.-wp.■ ..'.> Wi-wi^i-Ji»ii..■ ;..,i^w. — i■ *:.i«„^..,iVII.J.p>niii«m*.mi..«n.i,.u( 

Once X is found, the intersample covariance response is obtained from 
Equation (226) as a function of t for ^ * t < tk+1.    The following example is 
presented to demonstrate the application of these equations. 

^O 

DIGITAL CONTROLLER 

Figure 28.   Simple Digital Control System with Continuous 
Disturbance Input 

In this example. 

-T -T»   £ F»e,   ,G = (l-e  *), F = F-GK = (2E"1 - 1) 

and 

V(T) 
■/ 

e"S a 2   'B ^e-Bd8=4-  (l-e-2T) 

(232) 

(233) 

The steady state variance at sample points is given by 

•2T, 
X - (2e-T - 1)2X + 

(1-e
2      )   a^2 

(234) 

or 

v      -     <1 - e"2T) „ 2 

38     2[l-(2e     -I)*]      g 

which reduces down to 

(235) 

Y     _ 1 + e^ 2 
xss - ~g— ag (236) 
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This shows that as sample time goes to zero (toward continuous closed loop 
control) the output variance becomes 

2 

X = -|- (237) 

We also note that the open loop output variance is 

2 
kopen ~ -|- 

2 
X = Ge (238) 

Per unit steady state output variance at sample points takes on the following 
values as a function of sample time [Equation (236)]: 

T      =     0 0.5        1 1.5 sec 

Xoa =     0.25      0.33      0.46      0.69 
So 

The intersample response can be computed from Equation (226) for each fixed 
sample time 

XNt) = F(t) Xss F(t) + V(t) (239) 

X(t) = (2e"t-l)2X_ + fl"e^    )   aj 0st«T (240) 
-2T 

kss T 'l  ag 

This response is periodic with period T [see Equation (229)3. 

X(T) - Xsg 

The periodic extension of Equation (239) constitutes the meansquare response of 
the system for all times.    This response is plotted in Figure 29. 

DISCRETE SYSTEM MODELING BY SOFTWARE - DISCRETE SINGLE- 
RATE SYSTEM 

In the previous paragraphs we developed models by analytical means.   We now 
present a procedure for obtaining an overall discrete system model by soft- 
ware.    First we develop a single rate model with no delay.   Following this, we 
describe a multirate model with computational delays.   Figure 30 shows the 
block diagram of a singU- rate system. 
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0.7-, 

t TIME IN SECONDS 

Figure 29.   Periodic Variance Response 
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Ficurr ;<0.   Block Diagram of a Single Hate System 

We define the two vectors 

v = col [x (k+1), xc(k+l). r (k), rc(k). up(k), uc(k), r{k)\ 

w = col [x (k+1). xc(k+l). r (k), rc(k). u (k), uc(k), xp(k). 

xc(k), u(k)] 

(241) 

(242) 

Then equations desci'ibing the system are written in the form (Subroutine 
SIMK). 

x (k+1)    =  F x   + G u 
P P P       P P 

x  (k+1)    = F  x    + G u c c  c        c  c 

rp(k) = 11 x + E u 
P P       P P 

rc(k) = H x + E u '   c        c   c 

up(k) = rc(k) 

uc(k) = u(k) - r (k) 

r^k) = rp(k) 

r2(k) = rc(k) 

(243) 

Subroutine STAMK is used as described   previously to find the overall system 
quadruple (F.G.H, E). 

In the above development, we tacitly assume that the plant and controller inputs 
are updated at the same time.    In this case, the transition points occur at the 
beginning and at the end of the program period.    (No discrete transition exists in the 
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interval.) This is the simplest structure (single-rate) in computer-controlled 
systems.   In practice, one often encounter« two-rjiic and three-rate Hystomn 
with computational delays.    In these systems multiple transitions take place 
within the program period.    In the following we present a procedure for 
modeling such systems by software. 

DISCRETE SYSTEM MODEUNG BY SOFTWARE - MULTIVARIABLE 
MULTIRATE SYSTEM MODELING WITH COMPUTATIONAL DELAYS 

In general, the digital control systems are constructed by interconnecting 
four types of dynamical subsystems:  (1) continuous dynamical subsystem 
(Plant): (2) continuous holding subsystem (D/A output); (3) discrete- 
dynamical subsystem (control law software); and (4) memory holding subsystem 
(describing the delayed variables due to computations within the digital con- 
troller). 

Behaviour of the state transitions corresponding to these subsystems are 
shown in Figure 31 with a typical feedback system interconnection. 

DISCRETE 

•♦-• 
CONTROLLER 

um MEMORY 
HOLD 

un P/A HOLD 

(xn) 

UP PLANT 
rp 

(xc) rc rm 
rn 

xjt) 
C tv« 

1.11 .. i i i 

fyt) 
yt) 

Figure 31.   Time Behavior of State Transitions 
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To dnvplop a muthonintlcal nuMlrl for mich ayHleM«« which Is valid for all tUnoH, 
a hybrid-state is introductd repreaentltig the overall syetem by 

x   ^  col (xp. xc. xh. xm) 

where 

Physical plant state (output of integrators) 

State of the zero-order hold units describing the piecewise 
constant inputs to the plant 

m 

State of the digital controller 

State of the memory units (describing the delayed variables 
due to computations within the digital controller) 

Table 5 shows the form of the transition equations and corresponding quad- 
ruples. 

Table 5.   Forms of Transitions of Dynamical Subsystems 

Name Input-Out put 
Representation Equations Quadruples Remarks 

Physical 
Plant 

x+     =   F x +G u 
P          P P     P P 

r       =   H x +E u 
P            p p     p p 

(F.G.H .E) 
p    P    P    P 

Represents interval 
transitions u 

'V 
^ 

Hold Units X,h   r   Uh 

rh     '   "h 

(O. 1,1. O) 

Represents dlscroto 
trnnsltlon \ 

(V 
X. 

Controller x+     =   F x +G u 
c          c c     c c 

r       =   H x +E u 
c            c c     c c 

(Fc.Gc(Hc.Ec) 

Represents discrete 
as well as interval 
transitions 

uc 

(xc) 

r 

Delayed 
Variable in 
Controller 
Memory 

+ 
X       = u 

m       m 

rm    -"xm 

(O, I, I, O) 

Represents discrete 
transition Ji 

(x
m

) 

i*. 
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In this approach, the modeling work begins with the timing program.   The 
timing program shows the switching time points during one program cycle. 
Next, the state update sequence table is prepared wherein events are described 
as a function of time and corresponding transition equations written.   Subse- 
quently, the overall transition matrix for one program cycle is obtained.   An 
example is shown below in the discussion on software implementation. 

To develop an overall system model of this type of system for describing its 
response at the program sample points t = kT, k = 0,  1, 2, . . ,, two approaches 
are available: 

• Total Transition Approach 

• Incremental Transition Approach 

These two approaches are briefly discussed below.    Subsequently, the incre- 
mental transition approach is implemented as subroutine HSIMK to obtain a 
multirate system model with computational delays. 

Total Transition Approach 

The Total Transitional approach is based on the concept of finding the state 
response over one program period for each unit initial state vector component 
and for each unit input vector component.   The resulting outputs form the 
column vectors of the total transition pair (F,G). 

The use of this approach requires a certain amount of equation manipulation as 
discussed below. 

The general form of the interconnected model is given by 

x+    = f(y, x, u) (244) 

y      = g(y. x, u) (245) 

r      = h(y, x, u) (246) 

where 

x, x     = tptal system stprte and its update 

y = collection of internal variables (internal inputs and internal 
outputs) 

r = collection of external outputs. 
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To compute the evolution of x over one program period, the equations given 
above are reordered, and Equation (245) is solved for y.   The result is 

y      =g(x,u) (247) 

x+    =f(y,x.u) (248) 

r      =h(y.x,u) (249) 

Now for each unit initipl state vector component and for each unit input vector 
component, these equations are evaluated using the transition sequence table 
which describes the sequence of updates on x , x , x.,  and x   . 

When all transition points within the program period are exhausted, the 
resulting state vector response becomes a column vector of the total transition 
pair (F,G). 

This approach is very convenient for a paper and pencil derivation of the 
discrete system overall model.   It bypasses a lot of matrix multiplications as 
required in the incremental transition approach.   On the other hand, the 
incremental transition approach can be implemented more conveniently in 
software. 

Incremental Transition Approach 

The Incremental Transition Approach is based on the concept of computing the 
total state vector and input vector, a sequence of quadruples (incremental 
transitions) corresponding to each transition point within the program period, 
and subsequently combining these to obtain the total transition over one program 
period. 

The incremental transition approach involves three steps: 

1. Calculation of the incremental transition matrices 

2. Calculation of the total transition matrices 

3. Simplification of the total transition matrices 

The equations describing the interconnected system are in the following form 
(same form as single rate system): 

x+    = f(y,x,u) (250) 

y      =g(y,x,u) (251) 

r      = h(y,x,u) (252) 
■ 
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At each transition time point, the appropriate subset of Equation (250) is used with its 
data to obtain the matrix quadruple (AF., AG.f H., E.) for that transition. 
Subsequently, these incremental transitions are used to compute the total 
transition as indicated below.    The total transition over one program period 
is in the following generic form: 

x(k+l) = Fx(k) + G0 u (o) + GjU (1) + . . . G.u (r) (253) 

where 

u (i)   = the i-th sample of the external input within one program 
period 

F       = Total transition in one program period 

G.      = Input matrix corresponding to i-th sample of the external 
input in one program period. 

Let 

r        = number of time points at which u is sampled within one 
program period 

ri        = number of external inputs 

n        = total number of states 

Now construct the n x m matrix 

G = tG0(G1 I .  .  . Gr] (254) 

where 

m = nu x r (255) 

It can easily be shown that the total transition pair at the i + 1     transition time 
point is given by 

[F(i+1)  | G(i+1)] = AF(i+l)  {?(!) |!G(i)] + [0 | AG(i+l)] (256) 
with 

[F(0)   G(0)] = (I | 0) (257) 
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rs 

where 

A F(i+1)   = incremental state transition from i to i+1 

A G(i+1)   - incremental input transition from i to i+1 

Software Implementation 

Figure 32 shows the block diagram of the state modeling software for multi- 
rate modeling with computational delays. 

NUMBER OF TRANSITION POINTS 

To) TRANSITION INTERVALS 

VPVPV    ,Fcr-cHcEc>l »" 

1 

SYSTEM UPDATE 
SEQUENCE TABLE 

ISIMK tISQ) 

i 

PARTIALS AND 

REDUCTION ALGEBRA 

NVBRID SIMULATION 

SUBROUTINE 

HSIMK aSQI 

' - 
TOTAL TRANSITION 

1 
REDUNDANCY CHECK 

1 
1 

(F, a H, E) MODEL 

Figure 32.   Flow in STAMK for Multirate System Modeling 
with Computational Delays 

Each call to HSIMK produces the incremental quadruple (AF, AG,H, E) corres- 
ponding to a system transition specified by the sequence number ISQ.   The 
total transitions are evaluated from Equation (256) from the starting sample 
point to the i-th transition point.   When all transitions are accounted for, the 
output becomes the set of total transition matrices over one program period. 

To facilitate the computations, state assignments are made to each hold unit 
in the system (x. ) and each output variable from the controller (x   ).   In 
cases with no delays, x     ~~ "m = r   and x,  = x   . so that x. and x_ become depen- c n      m n m 
dent variables, and the corresponding column vectors in F become zero. For 
this reason, the matrix quadruple as obtained above is examined before they 
are printed out, and the zero columns and corresponding rows are discarded 
from the quadruple. 
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To demonstrate the approach, we present the following example of the modeling 
of a two-rate system with computational delays.   Figure 33 shows the block 
diagram of a two-rate system with computational delays.   In this system the 
inner-loop control law is executed twice as fast as the outer loop control law. 
Tcl and TC2 correspond to computational delays in each control law execution. 
It is assumed that T , >T „. el      cd 

Table 6 shows the discrete system state update sequence. 

«c2 

T+Tc2 u  _„ T/2 

rc2 
T/2 

"cl 
xcl 

rh 

Figure 33.   System Block Diagram 

Table 6.   Discrete System State Update Sequence 

Sequence No. 
(1SQ) 

System No. 
ISIMK (IK)) Time Updated 

State 
Transition 

Interval 

1 1 (kT + Tc2) XP 
Tc2 

2 5 (W + Tc2) xw 0 

3 1 (kT +TC.) XP "•cl-TcZ» 

4 4 (kT + TcI +) xh 0 

5 1 (kT +T/2) 
"p 

(T/2 - Trl) 

6 2 (kT +T/2+) "cl 0 

7 1 (kT +T/2 + Tcl) XP 
Tcl 

B 4 (kT +T/2 +Tcl +) xh 0 

b 1 (k+OT XP 
(T/2-Tcl) 

10 2 (k+l)T + xci 0 

11 3 (k+l)T ++ Xc2 0 

73 

■■-■■j—,.^^,. ■^.:-L.^W......MA;..^^  ^   



wmmmf BKiHBaBüBBüsaan --■■ "      >■ ipfHi;illHHI!lim»lniHWHl|.HIH.IIliM,|. JW-WIWI"' 'W "■;■" ' ■■"■"» i"""-'^"^ 

Figure 34 shows the timing program of the discrete system. 

ucl 

uc2 

1 "P 

2 "e 

3 

4 

xc2 

% 

5       x_ 

©0®© ©0© ©® oo® 
1 

-Te2-^ 

T=l-^ Tcl 

kT ai+i/2)T (k+l)T 

Figure 34.   Discrete System Timing Program 

Figure 35 shows the flow diagram of the subroutine written by the user for 
this problem.   The math-model (i.e., overall system quadruple) of the overall 
system at time points kT is obtained by the subprogram STAMK in the form of 
(FGHE). 

This quadruple is the exact representation of the dynamics of this two-rate 
system with the delays on sample points kT. It is used in the performance 
evaluation program. 

To demonstrate the software modeling of multivariable multirate systems with 
computational deiays, two specific examples are presented.   Below, two-rate 
modeling is given for a simple system.   In the Appendix C, modeling for the 
F-4 longitudinal system is presented for computational delays. 

Example of Two-Rate Modeling By Software 

The principles of the multirate modeling presented above are applied in this 
example using a simple system.   Figure 36 fa) shows the block diagram of the 
continuous system:   a simple lag controller, and an integral plant.   Figure 3S(b) 
shows the corresponding two-rate digital system structure.    The memory unit 
corresponds to the digital counterpart of the hold unit. 
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f ENTE« 3 

"+p e "p' «cr «cl, V2 = "c2, «h = %, «I = "m 

^ 
i 

^ GO TO (1.2.3.4.SI 

V. ISIMK tm      J 

— !             «p'^p^'p^p^'p 

1 

2
       M-Fcl(T/2,"cl + Gcl<T/2,«el 

i 

J 

3         «c+2 E Fc2 "' «c2 + Cc2 f" "«2 

1 

4                           'h = "* 

1 

 • «:=% 

' 

'p2  -  Vp-^^p 
'c    " Hcl"cl+Eclucl 
'c2 = Hc2"c2+Ec2,'c2 

'" :«h 
'm    "tm 

i 

"p = 'h 
"cr -'pi*'« 
"02 = V4" 
"h   = 'cl 
um  = 'c2 

i 
'1  - 'p2 
'2 = 'pi 

(RETURH) 

Figure 35.   Flow Chart of Subroutine HSIMK for a Two-Rate 
System with Computational Delays 

75 

.lUtfU^ . r^' ■■■-■--  ■--    ■-■- ■■  ■■■■  -..-.--■-■.:.■■ .-■-.■...i..- tvm^uüHHaäiKitimiiaamaiiäaKUi^imüA .., ^,,-. ._■ ^.^ ■.■^.^^- -    -■ ■    ......~j.~*t±***iiH* 



~1W-?'HP-'»  IN"' wnw;"""'.—■■-■.'un'.TnrTi'"Ti»,iwiiiypij|w 

CONTROLLER PLANT 

"c ^ 1 II 
—•—»J* > 

• 
15 ' ^'O, ) 

C 
'p 

(.11   CONTINUOUS SYSTEM 

(I)'   2-RATE DIGITAL SYSTEM STRUCTURE 

Figure 36.   System Block Diagram 

Table 7 shows the plant and the controller data.   The digital controller data 
for this example is obtained using the z-transform for purposes of demon- 
stration. 

Table 7.   Plant and Controller Data 

Continuous Discrete 
Data Data 

Ap = 0 Fp = 1 

cd 
Bp = K Gp = KT 

f-4 

OH Cp = l Hp     1 

Dp - 0 Ep = 0 

U 

0 

Ac = -1 

Be = 1 

Fc = e-T 

Gc =(l-e"T) 
US 
o Ce = 1 He = 1 
U Dc = 0 Ec = 0 
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The timing program of the discrete system is shown in Figure 37.   From this 
diagram we see that xrn is updated first.   Next, x^ is updated.   These two 
updates correspond to point transitions, and ihey take place during an arbi- 
trarily short time.   At time T/2, Xp and Xp are updated in that order.   Finally, 
at the end of the program period (T), xc and Xp are updated.   Each transition 
time point (point or interval transition) is assigned an interval sequence 
number (ISQ).   This number is used for updating the states in the simulation 
program.   Table 8 shows the discrete system update sequence. 

t t r r r 
1 12                3       4       5                ( 

T/O                                                 T/-J 

3            7 

r 

ISQ 

kT (k + 1)T 

Figure 37.   Updating Sequence During One Program Cycle 

Table 8.   Discrete System Update Sequence 

Sequence No. 
(ISQ) 

System No. 
IS1MK (ISQ) Time Updated 

State 
Transition 

Interval 

1 4 kT + X m 0 

2 3 kT +T xh 0 

3 2 kT +T/2 X c T/2 

4 1 k'r rr/'d ^ 
*P 

T/J? 

5 3 kT + T/2 + + 
\ 0 

6 2 (k+l)T - xc T/2 

7 1 (k+l)T XP 
T/2 
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Since two types of transitions take place in the system, we refer to this as 
Hybrid Simulation (Subroutine HSIMK).   Figure 38 shows its flow chart. 
Subroutine STAMK calls HSIMK for each transition point ISQ and computes 
the incremental transitions (ÄF, AG, H. E) and the total transitions (F, G, 
H, E) as described in the previous section.    The program documentations of 
HSIMK and STAMK are given in AFFDL-TR-73-119, Volume II.   For this 
example, we can carry out the indicated transitions with paper and pencil. 
This yields the digital model of the two-rate system as follows: 

F(T) 

G(T) = 

1-i£/l.e-T^ 

KT^.T/2] 

-T/2) 1^(1 ^e-T^) 

1-e -T) 

7T 
(258) 

(259) 

H (•1,0)    E=l 
-I ! 

(260) 

Figure 39 shows computer results (model by software) for K = 0. 5 and T = 1 
second.   They agree with the analytical results computed from Equations 
(258), (259) and (260). 

The transfer function of the two-rate system is given by 

G(z)   «   H(zl - F)'1 G + E (261) 

Carrying out the indicated multiplications yields 

G2(z) [l + e"T) z +e"T 

-[K'M-fK^OK T   UTi : T^m 
(262) 

The poles and zeroes of this transfer function for K » 0. 5 and T a 1 second 
agree   with the poles and zeros obtained by software (POZK),   Note that 
(see Figure 37) using four transitions (ISQ = 1, 2, 3, 4) and replacing T/2 
by T yields the single-rate system.   For this case, the analytical model is 
obtained as 
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Figure 38.   HSIMK Flow Chart 
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OUAOS^LE  OVER ONf  WOORAM PC" 100 

NAT» IX   r (T- 1.0000) 

MATRIX        FPtTP-.60000E+00) MATRIX        FC(TC - .S0OOOE«0O) 
1 -COLUMN 2-COt.UMN 

I-RO* .9«16327e*e0       .«016327C*M  
?-«0«r  -.632120«E*fte   .367a7«AE*M I-COLUMN I-COLUMN 

l-ROW   .10e»OOOE*OI       l-ROM   .606S307E«00 

MATRIX 6   (T- 1.0000) 

1-COLUMN 
1-BOW   .9836T34E-01 
2-ROW   .6321206C»00 

MATRIX QP(TP - .SOOOOE^OO) MATRIX GC(TC ■• .50000E+00) 

I-COLUMN 
1-ROH .2SOOe«OE*00 

1-COLUMN 
1-ROW .3934693E*«e 

MATRIX   H        (T- 1.0000) MATRIX        HP(TP - .600006*00) MATRIX        |HC(TC - .60000E+00) 

I-COLUMN 2-COLUMN 
i-Row    -.i*o««ooe*oi   o. 

1-COLUMN 
I-ROM .lMM09E*ei 

I-COLUMN 
1-ROM .I000990E*«! 

MATRIX   I (T- 1.0000) MATRIX EP(TP - .BOOOOE+OO) MATRIX        EC(TC - .BOOOOE^OO) 

I-COLUMN 
)-ROM .1««09««E*01 

I-COLUMN 
I-ROW       0. 

I-COLUMN 
I-ROM       0. 

Figure 39.    Model by Software for K = 0. 5, T = 1 second 

F(T) 

H 

^) 

KT 
.    G(T)  = 

0 

-Tl L1--T)J 
C-l.  0],    E = 1 

(263) 

(264) 

For T = 1 sec. and K = 0. 5 computed results agree with this analvtical 
model. 

The transfer function for the single-rate model is obtained from 

G(z)   --   H(zl - F)'1 G. 
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and is given by: 

G^z) = -K z2 'i1 ~ ^Ü + e"T      ,T (265) 
1 z^ - (1 +e Mz +e 1 +KT(l-e *) 

Again, the polen and zeros of this analytical result and the computer result 
agree very well. 

Analytical results are hard to obtain for large systems, if not impossible. 
But the software approach does not suffer from this dimensionality problem. 
Incidentally, this example shows that G2(z) is more stable than G^z).    The 
two-rate system in this example can tolerate a 45 percent greater change in 
loop gain than can the single-rate system without becoming unstable. 

i 

MATHEMATICAL MODELING FOR WORD LENGTH EFFECTS 

Computational errors are introduced within the digital controller due to 
(1) truncation of filter coefficients, (2) quantization of input data, and 
(3)rounding-off the results of multiplications.    In the following we first 
develop the data truncation model.   Subsequently, we consider the determination 
of the output noise for specified word length, and the interaction of this noise 
with the scaling of the control laws when fixed point arithmetic is used. 

We first develop a scaling model and subsequently a digital controller noise 
model representing arithmetic with finite word length.   Finally, we present a 
method for computing output noise of the digital controller as functions of 
scaling and word length.    The details of noise analysis with fixed-point 
arithmetic is presented in Appendix B. 

Data Truncation Model 

The controller data (Fci GC»HC,EC) are truncated or rounded to a prescribed X 
number of bits to investigate the effects of finite data word length on controller 
performance.    The original data (full bits) are first scaled for fractional 
machine representation; that is, each entry in data is expressed as 

d = m 2P (266) 

where 

m - mantissa of data,   1/2 * m < 1 

p = exponent of data 
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Subsequently, the mantissa m is converted to a binary number and truncated 
to a specified number of bits.    Finally, the truncated data is converted to 
decimal representation for performance study.    Subroutine CTRUNK in the 
DIGIKON system performs the data truncation.   It is fully documented in 
AFFDL-TR-73-119 Volume H. 

Digital Controller Scaling Model (Dynamic Range Model) 

When fixed-point arithmetic is used to evaluate the control equations in a 
fractional machine, computations must be scaled so that every computed 
number satisfies lsl<l.   For safety on overflow and to avoid very detailed 
analysis, scaling is selected so that  js | <<1.   However, to maximize the 
signal-to-digital noise ratio, one must select scaling so that} s i is as large 
as possible, subject to dynamic range constraints and transfer function 
invariance. 

To accomplish this,  we develop an Arithmetic Response Matrix, as presented 
below. 

Structure of the Digital Controller -- The structure of the digital controller 
is assumed to be in the following generic form: 

xc+ * Fcxc + Gcuc (267) 

rc    =Hcxc+Ecuc (268) 

where 

x      = state of controller (x     updated state) 

u      = input to controller 

r      = output from controller 

and (F , G , H , E ) are the controller matrix quadruples. 
C » *•• C 

Form of Scaling 

We divide the scaling of control laws into two groups, (a) scaling of variables 
(such as input, state and output) and (b) scaling of controller data (F , G , 
Hc, E ).   In the following we first present the scaling of variables and sub- 
s&pi&ftttjF the data. 
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Form of Scaling for Variables — We define three diagonal scaling matrices 
as follows: 

x    = S x 
C X  c 

u    = S u c       u c 

c      re 

(269) 

(270) 

(271) 

where 
S s Scaling matrix for controller state x 

S ■ Scaling matrix for controller input u 

S    = Scaling matrix for controller output r 

and 
x , u , r   are the scaled variables c     c     c 

Substituting Equations (269), (270) and (271) into (267) and (268) yields the 
scaled equations 

—   + A    _ A    _ 
x„    s F x   + G u c c c       c c 

r      = H x   + E u c c c       c c 

where 
F = S    1 F S C X ex 

G, = S ■1 G S c x        c u 

H = S "1 H S c r        ex 

E = S "1 E S c r        c u 

(272) 
.■ 

(273) 
■i 

i 
i 

(274) 
■ 

(275) 
- 
: 

(276) 

(277) 
i 
! 
I 

Form of Sealing for Controller Data (Fc, Gc, Hc, Ec) -- The scaling of 
variables as explained above transforms the original data into the form given 
by Equations (274) through (277).   This data should now be scaled so that 
every element in the data is less than one in magnitude, but as large as possible. 

83 

,...       H..,....,.-^:.^-.-^.» 
H^MMtMMfilHi** 



IWMBBHBfflHBaanaH'n'!!'—''''''"^^ 3HSBf 

The simplest form of data scaling is as follows: 

Consider Equation (272).   We find the maximum element in the i    row of the 
(F jG) pair for    1*1, ... n.   Let his be s(i).   Next we determine a unique the 

exponent p(i) such that 2P(l)   <s(i) < 2p(i).   Then construct a scaling matrix 
S having 2^ as its elements.    Using this scaling matrix we write Equation 
(272) as 

^ = S^S"1 F)x + (S"1^^ 

or 
~+     _     nr-W — x     = S[Fx+Gu] 

(278) 

(279) 

Figure 40 shows the block diagram of this implementation. 

Figure 40.   Control Law with a Single Scale Factor 

Scaling Constraints 

The first constraint is the invariance of "transfer characteristics" from input 
to output.   It can easily be shown that the structure given in Figure 41 has 
this property. 
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A/D 

^ 
u 

c 

x^Fx   + G TI c      c c       c c 

7      =H x   + E u 
c c c      c c 

D/A 

-ri. -•-> 

Figure 41.   Scaled Control Equations 

The second scaling constraint is called the dynamic range constraint to 
prevent the "overflow. "  This manifests itself tc the following subconstraints: 
Combining Equations (272) and (273) into the following form 

v = F w 

we write 

•        Magnitude constraint: 

"il*1- I'll*1 

'x* 
where v  =1-''     and    wfc    - 

rc   / lu-i 

i = 1, 2, .  . . 

Product constraint in the form of 

T.w.   <1 
i]    3 

for all i, j 

• Partial sum constraint in the form of 

iN 

N 

13 ö 

3 = 1 

<1 N = 2, 3.  .  .  . 
i   = 1, 2, .   . . 

(280) 

(281) 

(282) 

(283) 
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Approach to Determining Scaling Matrices -- To determine the scaling 
matrices satistying these dynamic range constraints, we define the "arithmetic 
response matrix" (dynamic range matrix) having the above products and 
partial sums (in unsealed form) as its elements.   The time history of this 
arithmetic response matrix is then evaluated for specific inputs (step, ramp, 
sinusoidal, stochastic, etc.) using simulation software TRESPK (Figures 42 and 
43). 

STEADY- 
STATE -»> 
VALUE 

(t) 

Figure 42.   Arithmetic Response Matrix Time History 

DISTURBANCE 
SIGNAL 

GENERATOR 
ARITHMETIC 
RESPONSE 

Figure 43.   Block Diagram for Arithmetic Response Matrix Generation 
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Scaling matrices are then selected so that every element of the arithmetic 
response matrix is less than one.    Subsequently the scaled matrix quadruples 
are computed using Equations (272) and (273) and the controller software 
is prepared implementing the equations shown in Figure 41. 

Input Considerations for Arithmetic Response — Although step, ramp and 
sinusoidal inputs (laboratory inputs) are used to design and test the behaviour 
of the controlled system, they are not too realistic for developing system 
response under the actual flying conditions.    For this reason we chose 
stochastic models for generating inputs to the system. 

We assume that the pilot signal is a stochastic signal with a specified rns 
value and bandwidth (signal generating filter).   Disturbance inputs (gusts) are 
modeled (gust filter) similarly.   The variance (a2) and the 3a value of the 
arithmetic response matrix are then computed using COVK.   It is known that 
the unsealed random variables (elements of the arithmetic response matrix) 
will be within this range with 99. 7 percent probability (Figure 44). 

Figure 44.   Bounds of Arithmetic Response r. .(t) 

We use the 3CT value of the arithmetic response covariance matrix as a bound 
for computing the scaling matrices S , S   and S . 

Digital Controller Noise Model 

There are four points of consideration in the control law software which 
determine the level and character of the round off noise for a given signal: 

•    The number of digits (bits) used to represent the data within the 
control law (i.e., Fc, Gc. Hc, "Ec) and the input, output and state 
(i.e., uc, rc, xc) 
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• The mode of arithmetic employed (that is fixed point or floatinc; 
point), and 

• The type of arithmetic (2,s complement, etc.) 

• The structure of the control law. 

Figure 45 shows the noise model of one arithmetic cell in the evaluation of 
the control law:  v = "F w 

where the partial sum s(i, j) satisfies 

8(iJ) = s(i,j-l) + p(i,j) (284) 

and 

P(i.j) =71] w(j) (285) 

The statistical properties of ri (i, j), e   (i, j) and eg{i,i) depend upon the word 
length as well as the number system used in the computer and rounding or <* 
truncation of the lower part of the product. 

5(i,j-l) 

l   ?7s<i,j) 

Figure 45.   Noise Model for One Arithmetic Cell 
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The noise analysis with floating-point arithmetic involves three steps.   First, 
one computes the noise-free-response (computation with very long word 
length) using the external signal inputs.   Subsequently, the equivalent floating- 
point noise inputs are computed as indicated above.    Finally these are propa- 
gated using subroutine COVK. 
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SECTION IV 
SYSTEM PERFORMANCE MODELING IN STATE SPACE 

Performance evaluation algorithms which are operational in Honeywell are 
briefly presented below.   Five performance measures are considered:   (1) 
poles and zeros, (2) frequency response, (1) RMS response to turbulence and 
roundoff noise, (4) power-content analysis, and (5) time response. 

MODELING FOR POLES AND ZEROS (POZK) 

.th Consider the state equations describing the response of the i    output to the 
jth input. 

x   » Ax + B. U. 

Vcix + Dijuj 

T ransformation of this with zero initial conditions yields 

(si-A) X(s) « B. U. (s) 

YjCs) = CiX(s) + D.. U. (s) 

This set can be put in the following form: 

P(s)?(s) = qU.(s) 

where 

?(s) = col [Yjfs)! X(s)] 

q (s) ■ col (D 
ij BJ) 

and 

P(s) = TsKA), 

(296) 

(297) 

(288) 

(289) 

(290) 

(291) 

(292) 

(292) 

The coefficient matrix P(s) is called the system matrix. 
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1 

Using the Cramer* s rule,  we can write 

ü / D 

Y (s) I B 
Hij(s) = up —diiW 

-c. 

N(s) 
Dls) (294) 

th th This is the transfer function from the j    input to the i     input. 

A complex number s,  is called the zero of H,.(8),  if 
K 1] 

N(sk) = 0,  D(sk) ^ 0 

Similarly,  s,  is called the pole of H. .(s) if 
K 1] 

Clearly, 

D(sk) = 0   N(Sk) / 0. 

det P(s) = det (sI-A) = 0, 

(295) 

(296) 

(297) 

so the eigen values of A are the poles.   Obtaining the zeros is more difficult. 
The numerator in Equation (294) can be written as 

N(s) = det  (A0 + AjS). (298) 

where A- is not necessarily of full rank. 

For this reason, the numerator matrix is reduced to the following form: 

N(s) = det W 
where A- is of full rank,  and A0 is an upper triangular matrix. 

We can now write 

N(s) - K det (sI-A ). z 
where 

K   = -detA0 detAj 

A   = A'1 An z        1        0 
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Therefore, the eigen values of A   are the zeros of the transfer H. .(s). z 1] 

The subroutine which implements this procedure is called POZK. 

To increase the accuracy on the computed poles and zeros of a given matrix 
quadruple (A. B, C, D), the Newton-Raphson correction scheme may be used. 
Briefly, if s is the computed value of a pole or of a zero, then its improved 
value s is obtained from 

8 = S 
Mi) 

as 
(299) 

df The expressions for the function f(s, ) and its derivative-rr (s.) are as follows 

i       Function and 
|.     Its Derivative Expressions for Poles Expressions for Zeros of 

ij Transfer              | 

«V det(skI-A) 

tr{Adj(skI-A)) 

ci(V:A>"lBj+ Dij 

RESPONSE MODELING FOR REAL AND COMPLEX INPUTS 

In digital control systems,  some variables undergo rapid changes in real 
time,  some variables are defined only at discrete time points, and some 
variables, e. g., pitch rate and angle of attack, undergo continuous transi- 
tions in real time.   In this type of situation, what do we mean by "frequency 
response?" 

Here we take the engineering point of view that we apply sinusoidal input 
signals to the system and measure the output under this excitation.   That is, 
we are looking at amplitude and phase relations between continuous input/ 
output variables.   Using this point of view, we discuss in the sequel a mathe- 
matical model "complex system function" which yields the amplitude and 
phase relations as a function of the input frequency for analog systems.   Then 
we present the extension of this notion to systems with digital as well as 
analog (hybrid) elements. 
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Development of Complex Response Model 

Consider a linear time-invariant continuous system described by 

x » Ax + Bu 

y = Cx + Du 

If this system is stable, then the steady-state response to a complex 
periodic input 

u = eJ 

can be expressed in the following form: 

x(t) = H (juite^t 

(300) 

(301) 

y(t) = Hy(jüü)e jüüt 

(302) 

(303) 

(304) 

Here IMjuu) and Hy(jui) are called the "complex system functions" correspond- 
ing to the state and the output variables of the system.   The variation (ampli- 
tude and phase) of Hx(ju)) and Hy(juu) with respect to uu is called "the frequency 
response   of the system state and output, respectively. 

Using the definition given by Equation (303) and the description of system 
given by Equations (300) and (301), we can compute the complex system 
function I^Jüü) as follows.   Differentiating Equation (303) with respect to t 
yields 

x = H£M jiu e^* (305) 

Substituting this into Equation (300) and solving for H(ju)) one obtains 

Hx(ju)) = (jüül- A)"1 B (306) 

Making use of Equations (302),   (303),   (304),  and (306) yields 

H (jou) = C(ju)I-A)'1 B + D (307) 

One can find in the literature more elegant ways of deriving Equations (306) 
and (307).   However, the concept of "complex response" introduced in 
Equation (303) will be of great help to us for extending the frequency response 
notion to digital control systems. 

Digital control systems are essentially time-varying systems due to sampling 
operations which take place in real time.   In additioa most often, the 
sampling operations are designed to be periodic in time, which a finite program 
period, Tn.   Thus,  the physical equations which define the evolution of 
response liave periodic time-varying coefficients. 
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Now we shall define the steady-state response of a digital control system to a 
complex input as follows [see Equation (303)]: 

x(t) = Hx(ju).  t) e^* (308) 

where because of the periodicity of the complex system function 

Hx(ju).  kTp) = 1^ [ja,,   (k + 1) Tp].  k = 0.   1.  ... (309) 

Here we see that the magnitude and phase of the complex system function 
depends not only on the input frequency,  uu, but also on the time of observa- 
tion within the sampling period.    Usually the times of observation are taken 
to be the sampling interval points,  kT . 

Now with this restriction we find in the sequel the complex system response 
and corresponding frequency response for digital control systems. 

By definition: 

x(kT) = lyjuu,  kT) eju,kT (310) 

xC(k + l)T] = H   Cju),  (k + l)T]e;ju,(k+1)T (311) 

and 

Hx[ju).   (k + DT] = HX(JOü.  kT),  k = 0,   1... (312) 

On the other hand, the description of system state at the sample points is 
given by 

x[(k > 1)T] = Fx(kT) + G u(kT) (313) 

where F and G are obtained by taking into considerations all transitions within 
the interval.   Substituting Equations (310) and (311) into (313) and making use 
of (312) we obtain the following relation: 

Hx(ju,. 0)e^(k+1)T = F HJiv. 0)e^kT + G e^^ (314) 

Simplifying this we obtain 

Hx(juu,  0) = (eju'TI - F)"^ (315) 

This is the complex system function. 

Its magnitude and gain constitute the digital system frequency response 
observed at the sampling points.    For systems with high sample rates, the 
time variation of the amplitude a^d phase response for each fixed input 
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frequency becomes small.    For slowly sampled systems, the intersample 
"phase swing" may be auite large (in the order of 10 deg).    In this case, the 
performance measure   phase margin" needs proper definition (i.e., instan- 
taneous,  max,  min,  average,  rms,  etc.). 

Complex Response Model for Multirate Systems 

When more than one update involving the input occurs within the sampling 
program period, the complex response model given in Equation (315) must 
be modified as described below.   Figure 46 shows the input samples which 
are used in the control law computation of a digital control system.    In this 
case, the overall system state, x(t),  at sample points k = C,   1,  .. is 
described by a difference equation in the following form: 

x[(k+l)T] = F x(kT) +Gou(kT) +G1u(kT + Tj) +... +Gmu(kT + Tm) 

(316) 

where F,  GQ,  GJ ... G^ are composite matrices which are obtained by 
tracing the response under the influence of these inputs over one program 
period. 

Figure 46.    Multiple Input Samples In a Program Period 

Now defining the complex system function as before 

x(kT) = H(3uu,   0) u(kT) 

where u(kT) is the sample value from the continuous input 

u(t) = >* 

(317) 

(318) 
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ami making use of Equations (317) and (318) in (316) yields 

mju,. 0) = {e^Tl- F)mlG (319) 

where 

[G   +G.e o       1 
JUJT, 

+ ... Ce m 
jttJT m 

] (320) 

This shows that for the frequency response of multirate digital control 
systems.  Equation (320) must be evaluated as well as Equation (319). 

The General Frequency Response Software (FREQK) • 

To determine the effects of sampling time on system frequency response 
(phase margin, gain margin), the couplex system functions defined by 
Equations (306) and (315) or their equivalents,  as discussed below,  are imple- 
mented in program FREQK, 

Two types of data inputs are considered:   1) continuous quadruple (A,  B, C, 
D),  and 2) discrete quadruple (F,  G,   H,  E). 

Four types of frequency response evaluations are considered.   They are 
identified as s, d, w,  and r frequency reponses as shown in Figure 47.   For 
all types of frequency responses the transfer function is in the following 
generic form: 

H(jüü) = C[(?I-A) + 1-T1I]'
1
B +D (321) 

In Equation (321),  (A,  B, C, D) matrices correspond to continuous or dis- 
crete system matrix quadruples.   They are obtained from the simulation 
equation as described in Section III.   The variables % and T^ depend upon the 
type of frequency response evaluation.   Their functional relationships are 
given in Table 9.   The complex matrix given by Equation (321) is evaluated 
by using the complex matrix inversion subroutine. 

For a given range of frequency (number of decades), the magnitude of the 
elements of H(juu) are computed in units of db and phase angles in units of deg. 
These values are stored on permanent file for subsequent plotting.    A simple 
plotting routine is used to see the trends in the response.   Accurate plottings 
can be made on trie "Calcomp" plotter. 
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For increased efficiency of computation,  three options are provided to 
evaluate (321).   They are 1) direct evaluation via (321),  2) evaluation via 
poles and zeros,  and 3) evaluation via poles and pseudo-zeros. 

The option of frequency response via poles and zeros requires the poles and 
a set of zeros for specified input-output pairs.   This data is normally avail- 
able (on permanent file) when a system study is made.     If not available 
it should be generated using program POZK when this option is used. 

The transfer function to be evaluated is in the following generic form: 

H( C ) = K Ä<< •V 
8  (c 
k=l 

+ D (322) 

Pk) 

where zj,  zg ... zm are the zeros or pseudo-zeros of a specified input 
output pair,  pi,  P2 • • • Pn ax'e ^e poles,  and K is the gain.   The transmission 
term D is a computed quantity and its value is zero if {z^} are the zeros. 

The pseudo-zeros are computed within the program FREQK if thia option is 
used.   In the following we present a brief analysis for the pseudo-zeros of 
an input-output pair for a given system. 

Pseudo-Zeros of an Output/Input Pair 

Figure 48 shows a block diagram of a system for an output/input pair 

Figure 48.   Block Diagram of a System for ar; OulpuMnfiu* /'<♦)/  r , <i 
»'     I 
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The transfer function for this pair is given by 

N  (s) 
(323) 

where 

and 

N.^s) = c.Cadj (sI-A)]b. 

D(s) = det(sI-A) 

(324) 

(325) 

We note that Equation (325) can accurately be evaluated. The direct evalua- 
tion of (324) should be avoided for large systems due to numerical problems. 
Now Equation (323) can be written as 

HiJ(S) = 

[N.^s) + D(s)] 
D(8) + (d^ - 1) (326) 

Observe that the numerator term in Equation (326) is the characteristic 
equation of the same system when the loop indicated by the dotted line in 
Figure 49 is closed.   Thus 

fl(s) = [N.^s) + D(8)] = detCsI - (A - b.c.)] 
J J 

Hence (326) can be written as 

det [si - (A-b.c.)] 

(327) 

or 

VS) det (SI-A) 1 '    + % ■ » 

TT (S-Z.) 

H..(S) =       ;        %   + (d.4 -  1) 
1J TT (s-pk) lj 

(328) 

(329) 

The zeros of N(s) are called the pseudo zeros of the r., ujpair.   In 
summary,  when the frequency response is evaluated ^a tne pseudo zeros and 
poles, the poles and the pseudo zeros defined by Equations (325) and (327) 
are evaluated first.   Subsequently,  Equation (329) is used for computing the 
frequency response. 
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Demonstration Example for FRF9^ 

(330) 

.  G 
- 0 

0 
-C.4J 

(331) 

A validation test was carried out on Subroutine FREQK using a third order 
discrete time system described by 

x(k+l) = Fx(k) + G u(k) 

y(k)     = Hx(k) + E u(k) 

where the system matrix quadrupled (F, G,  H, E) are given as 

0 1 0     - 
F = 0 0 1 

-0.498047      -1.88574      2.37988. 

H=    (-0.379882        0.56152    -0.18359. E=     0.4 

The sampling rate for this system is assumed to be 

fs = 25 Hz or 

u)   = 157 rad/sec (332) s 

Figure 49 shows a subroutine which inputs the above data into the DIGKON 
system.   Figure 50 shows the data image written on permanent file. Figure 
51 gives the poles and zeros corresponding to this quadruple. 

The corresponding transfer function is obtained as 

mzMil^lvl!^ 
^n   .-2.    .3 1 + a-z* + a2z-   +a3z- 

where 

z+biz+b^2 + bg 
K~är 2 ■   (333) 

z   ^ajz   +a2z + a 

a. 

ar 

a3 = 

-2. 37988 

1.88574 

-0.498047 

K   =   0.4 

bj = -2. 56347 

b2 = 2. 44726 

b3 = -0. 877929 
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Figure 49.   Quadruple Input Pr ogram 
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07100000 
DIGITAL MOnr 

MATRIX F   (T= .<»0000F-0n 

1-ROW       Q
}'C<iL[JHN 2-COLUMM 3-COLUMN 

P-RSW      O: .O000000E.00    0. 

3-POW       ..RB04700P.0,   -J.-^S^OOE^OO     l^ZlZ 

MATRIX   ß        (T=   .40000F-01) 

»-COLUMN 
1-ROW        0, 
2-ROW        0. 
3-ROW       4.0000000F-01 

MATRIX   H        (T=   .40000F-0n 

-ow -3:;^^-o1 ÄZ-«. ..M--.01 

MATRIX   E    y(T=   ,40000F-0l) 

    Ij-COLUMN 
1-ROW       4,0000ÖÖ^E-0i 

Figure 50.   Quadruple Input Image 
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Figure 52.   Plot of db versus uw 

105 

imVi^li .«i-wn t ■(iT.ilrf.iilrtJiailHii^i iiiM^i.-.aM^M.rJVi^ri^ ri-M. tnniMnr MM gugüaüg— 



!IBPPWn™wjPWfl^lWPmipip^lWIWW^HJ»llJ,!l-"""WlllA Ifü.llJ JfllJHHI.W!H.BIw™p^lHiVM-,',?»l«'l"BI'*' .'JWnwW'.i'V w.n^p M.I^ 

F>?0«0"0   •   tlltNSfnN«   l/l 

»LIT or »HI  irxxci vs. 0"fB« 

OllTBUt   i/iN*ur  I 

»■•tQueNc» •»•ONK 

-ISO. -I'O. -00 -A«. -30. 0. 31. »0. *o. It*. IM. IM. 

."«I I I» 
.»01 —I I« 

.«»1 1 I« 
.tin»—.1 1« 

.ftf1>---.-T 1  • 
.(I0'---1 1  • 

.Aft»-. 1 1   • 
.001-.-I 1   • 

.AAl-->.-T 1   • 
.001—-I 1     • 

.noh ->.-i |        € 

.ink—-i I         • 
tAA««*>—1 I • 

.001-—i • 
,00«. I | • 

.on«>>..i 1 « 
.AOT i I • 

.00» —-I • 
.AOO | | • 

n j ft...i- 

.nil I 
— 1 — • 

.on—-i | • 
.01» 1 1 • 

.0|4. —.( 1 • 
.01 1 • 

.n»A...T | • 
.n?f 1 | • 

.OS.--I 1 • 
."? 1 1 • 

.ni'.-.i 1 • 
.Oil 1 I • 

.040-..I 1        • 
.ms 1 I     • 

.0^0—.I I» 
.0«» 1 • 

.0*1...i «I 
• ATI 1 • | 

.011—1 • 1 
.AO« 1 • 

.Ino-.-i- 
.11» i • 1 I 

.1»»-—i • 
.1*1 1 • | 

.1*0—1 • 1 
.!'• 1 • 1 

.IM—1 • 1 
.??» 1 • 1 

• Wl —1 • I 
.?•> 1 • | 

.11».—I •I 
.JSS I • 

.190-—I 1 • 
.1,1,1 1 1 • 

.SOI —1 1 • 
.<«.' I 1 • 

.m —i I • 
.tAO 1 1 t 

.704, I • 
.•«1 1 

1   AOA   ..I- 
1         • 

l.lJn i 1     • *"""** »-*T 

|.»A...| I  • 
I.HS 1 I   • 

i.s«s—i I  • - 
I.THA- 1 1   • 

1 .OOS 1 1  • 
?.?»A I 1» 

a.sio—i r« 
».o?o I i» 

l.loo—-i i» 1 
l.SSO 1 i« 

1.900—I i« 
».»OS I I« 

S.O10—I i» 
S.OJS 1 I« 

».110—-I !• - r 
7.000 1 • 

T.Q*',—I • 
«.»IS | • 

-100. -ISO. -I>0. -oo. -00. -30. 0. 30. oo. «0. IM. IM. M. 

Figure 53.   Plot of Phase versus *)w 
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The w-frequency response is plotted as shown in Figures 52 and 53 using 
program FREQK with the quadruple (F, G,  H, E).   The results check very 
closely with the exsiting frequency plots obtained by conventional means 
using Equation (333).   The example given here is for a single-input, single- 
output system.   As presented above, the Subroutine FREQK is developed for 
multiple-input and multiple-output systems. 

RMS RESPONSE MODEL FOR SYSTEMS WITH CONTINUOUS AND DIGITAL 
NOISE INPUTS (COVK) 

This model is used to determine RMS response as a function of sample time 
and word length.due to continuous gust Inputs occurring in the plant as well as 
discrete roundoff noise inputs occurring in the digital controller at sample intervals. 

First we treat the subsystem RMS responses, namely plant and controller 
alone, and subsequently the overall system RMS response for the continuous 
case (T = 0) and for the digital case (T t 0). 

RMS Response of Plant to Continuous Stationary Inputs 

Consider a plant characterized by the quadruple t^      G«.  Hp,  E«).   Input 
to the plants consists of two parts: 

u   = col(u -    u -) p pH    pZ (334) 
where 

u . = control input to plant 

u 2 = disturbance input to plant 

Figure 54 shows the plant block with continuous as well as sampled output 

V =n(t) 
'x(l<T) 

I  
I      T 

4  
x(t) 

Figure 54.   Plant Block 
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The state of the plant evolved as follows 

*p = Apxp + BP1 UP1 + BP2 Up2 
Assuming a piece wise constant control input and a stochastic disturbance 
input (See Figure 55). 

(335) 

uplU) = u
Pl

(kT) 

up2(t) = ^ (t) 

The response is given by: 

kT< t s  (k + l)T 

for all t 

(336) 

x(t) = F 
p(t.kT)x(kT)+G    (t.kT)u 1(kT)+ J* e^B-nts) ds 

kT P     P        (5 (337) 

I u.,(Ü i   CZll 
%"' 

Figure 55.   Input Functions to Plant 

When rip is a white noise, the covariance response due to this input alone is 
given bf 

xm=F (t-kT)X(kT) F ' (t-kT) + V (t) p p n 
where 

with 

Vp(t) - Jt  e   -      P BpWpB;   e 
kT 

kT < t s (k+l)T 

(t-s)A. 
ds 
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and 

W. 0 

g 

(340) 

For the stationary inputs Wp is a constant matrix.   In this case a change of 
independent variables simplifies the integral defined by (339). 

Substituting 

? = t - s 

in Equation (339) yields 

V (t) = r(t-kT) e?AB W B'    e?A    dt p        J P   P  P 

(341) 

(342) 

At sample points we obtain 

Xk+1 = F(T)Xk F/ (T) + Vp(T) 

where 

Vn(T) = rT e?A BnWnB'    e?A    d? 
D <J D     D    D ^ P     P    P 

and T = output sample time. 

(343) 

(344) 

The set of Equations (343) and (344) define the discrete RMS response model 
corresponding to continuous stochastic inputs.   The intersample rms response 
model is given by Equations (338) and (339).   In the above development,  no 
approximation is involved.   This means that the continuous covariance X(NT) 
obtained by integrating 

i = A X + XA^' + B W B ' 
P P P   P  P 

(345) 
f H F    H   H 

over the interval 

0 < t s NT 

is the "same" as the sampled covariance obtained by iterating Equation (343) for 

k = 0,  1. 2, ...  N-l 
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The benefit of this model is in the saving of computing time when the plant contains 
high frequency dynamics.   The accuracy requirement force the integration 
step to be too small throughout the interval 

0 < t < NT 

when Equation (345) is used, whereas in the discrete model only one 
sample interval 

0 < t < T 

small step size is needed.   The steady-state values, .when they exist, are 
computed either from Equation (345) by substituting X » 0 and solving the 
algebraic equatioa  or by setting Xk+l s Xk in (343) and solving the resulting 
equation.   In both cases the result will be practically the same provided that 
F(T) and V(T) have sufficiently small errors. 

This finishes the RMS response model of the plant.   In the following discussions 
we obtain the RMS response model of the controller. 

RMS Response Model for Digital Controllers with Discrete Inputs (Roundoff Noise) 

The treatment of roundoff noise is given in Appendix B.   Figure 56 shows the 
roundoff noise model corresponding to a noise-free (ideal) controller quadruple 
(F V H Ee'- 

Figure 56.   Roundoff Noise Model for the Controller 

In this figure, 

5   = Input noise vector of size n c x 1 

TV = Ouput noise vector of size n     x 1 
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With the unity scaling, the rms noise input values are defined as 
. 2 

Vc=E{?c(k)   5c'(k)}* 

wc-E{T)c(k) nc
/(k)) = 

'1 

m, 

m. 

m. m 

where n. ■ number of nonzero elements in the i-th row of (F    G ) 

m.« number of nonzero elements in the i-th row of (H I E ) i c|    c 
2 a " » variance of roundoff noise c 

(346) 

(347) 

The rms response of the controllers above is readily calculated from 

= F X, Ft    + V_ k+1       c   k  c 

\     =HcXkHc    + W, 

(348) 

(349) 

RMS Response Model for Overall System 

Figure 57 shows the overall system model corresponding to effective plant 
noise ?„ and round off noises §c and r|c for some arbitrary system configuration. 

In this model« 

Et?p   ?p/]=Vp'   EUc   ?c/3-Vc'   EK   \^sVfc 

and they are given by Equations (344),  (346),  and (347) respectively,  and 
Etu,    u^ } = U is the command input variance matrix. 

Now the problem is the development of an overall system covariance response 
model with these multiple inputs.   Let us define augmented input noise ? and 
output noise r| as follows: 

?acol(?p,   §c)    T)-col(nc) 
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Figure 57.   Overall System RMS Response Model 

As previously done, the overall system equations can be written as follows: 

+ x   = F.x + 0.1^+ ? 

r.  = H.x + E.VL+ Ti 

u.  = Pr i + Qu 

r   = Rr^ + Su 

From Equations (351) and (352) we obtain 

ri = (Iri _ EiP)"1 [Hi* + E.Qu + n] 

u. = (1^ - PE.)"1 [P H.x + Qu + P n] 

(350) 

(351) 

(352) 

(353) 

(354i 

(355) 

Substituting this into Equation (350) yields the overall system model in the 
form of 

x    = Fx + G u + G_? + G TI 

r    =HX + EU + E_? + ETI u 5 r\' 

(356) 

(357) 

where (F, G ,  H,  E ) are the same as given by Equations (198) through (201) 
in Section lit and 

V 
E    =0 

VGi(Iui-PEi)     P 

E, = R (Iri - EiP>"1 

(358) 

(359) 
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Reducing Equations (350) through (353) to (356) and (357) can also be done by 
software.   First, an augmented input vector is defined as 

u = col(u. ?. ii) = col(u,  ? .   ?c.  r\c) (360) 

of size (nu + i^p + nxc + nrc) in the w-array of SIMK.   Subsequently, noise 
terms are added into the subsystem dynamics in the simulation equations as follows: 

p       p p      p p     p o * F«x« + Grt
u« + ^ c c c       c c      c 

r = H x   + E u 
P P P       P P 

r = H x   + E„u^ + n c c c       c c      'c 

(361) 

(362) 

(363) 

(364) 

That is all one needs to obtain the noisy system discrete quadruple using 
software (STAMK). 

Gust Response Ratio 

If a continuous controller (i. e., T = 0) design is based on minimizing the rms 
gust response, then a controller with sample time T ^ 0 will produce increased 
rms response.   We now define the rms response ratio as 

V, - 20 log10 
fa (T) 

TUT 
(365) 

where 

Y. = Response ratio of the i-th output in db 

R.. (T) = Variance of the i-th output corresponding to a digital 
11 controller with sample time T 

R.. (0) = Variance of the i-th output with continuous controller 

This performance measuring stick can be used to select sample time when 
allowable increase is specified. 

The following example demonstrates the use of the gust response ratio perfor- 
mance measure for sample time selection. 
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Consider a plant-controller combination as shown in Figure 58. 

CONTROLLER PLANT 

*& 

Figure 58.   Continuous Control System 

Assume the controller is designed to create closed-loop poles of 

\,.--^i^- 

The mean square value of the gust response is obtained from 

AX + XA   + W = 0, 

where 

0 f 2 
- 

.     w = a 
g 

0 
-1 -1 0 0 

X =E{xx') 

The solution is 

xi i = <J 2 

11       g 

X12 = .ag
2/2 

X22 = CTg2/2' 

where ag   is the variance of the gust input. 
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Now, suppose we want to replace this controller with a digital controller as 
shown in Figure 59. 

DIGITAL 
CONTROLLER 

Figure 59.   Sampled-Data Control System 

Three different design procedures will be considered: 

1. Digitization of the continuous control law using the z-transform 
without hold 

2. Digitization using the Tustin method 

3. Direct digital design (using the same pole location criteria) 

Table 10 shows the plant and controller data as functions of sample time T. 
Figure 60 shows the state diagram of the resulting digital control system. 

Figure 60.   State Diagram of the Sampled-Data System 
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Table 10.   Plant and Controller Data as a Function of Sample Time T 

Continuous Discrete 
Data Data 

V0 F
pt, 

c B    • K; K = 1 Gp.KT 

S8' HP-X 

p EP = 0 

Continuous 
Data 

r/.jitized Data 

z-Transform 
with Hoi. Direct Tustln Direct Digital Data 

'c'-1 ■'e•.■, F   » l-T/2 
C     l+T/2 Fc'-a 

8e.l Cc « (l.e_T) Cc = T/(l + T/2)2 C.c • Kü-o) 

Cc51 Hc-l Hc=l Hc'l 

1 
D    • 0 c 

Ec'0 Kc =(T/2>(l*T/2) t    « K         where: 

„ . (2T-1) - 2(T.l) t'oT cos uiT .e-2oT 

T2 

,     (1-T) - 2 e-07 cos uT + (ItT) e-2ffT 

(2T-1) - 2(T-1) e*9" cos uT -e    0 

(1-T) - 2 I''BT COS WT • t'2aT 

f 
0 t iu  continuous pole location:   o = 0.5 

u = \S72 

o 
o 
S a 

i 
■ 
s 
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The state response at the sample-points are obtained from 

x (k+1) 

Lxc(k+1) 

(1-T ec) 

-ß. 

r x«<k>i ^T e«l p + c u(k) + 
_xc(k)J L gc J 

r   r(k+i)T i kT n (T) dr 
0 

(370)" 

For stationary gust input, the steady-state mean square response at sample 
points is obtained from 

X = F X F' + V, 

where F is the transition matrix of the above equation and 

(371) 

- 0 0 J 
(372) 

where V« is the discrete equivalent of the continuous covariance W and is 
calculated using Equation (373). 

Also, 

VWVP 
+W

- V0)30' Vvg(T)- 
Since A   = 0, we obtain V   « er   T. 

P g      g 

(373) 

(374) 

The analytical solution of Equation (371) for design procedure 1 is as follows: 

Xll    = P11(T)X11(0) 

X.,.,^^) =P(,o(T)X<JO(0), 22 22 k22 

(375) 

(376) 

where 

P22(T) = 

gc(l+fc+gcT) 
ft   HP 

(l-fc
2) ^ (l+3fc+gcT) 

P11(T) = 
2g„ 

jl+V^TlT 
4grt 

P22(T)- 

(377) 

(378) 
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/he solutions for design procedurr« 2 And S o^n AUO Iv? i>bt«itn«»^. 

I'ae first component of the normalized gust response is given as 

Ypll=20 1og 

where 

(379) 

Rll = Hi X Hi (380) 

The X above is defined in Equation (371). and H, is the first row of the output 
matrix H.  

Equation (371) is solved using the data in Table 10 obtained by the three 
different design procedures.   The normalized response given by Equation (379) 
is then evaluated for the plant output.   Figure 61 shows YD versus sample 
time, T,  for these procedures. H 

For an allowed increase of 1. 5 db the Tustin controller requires T = 1/2- 
second sample time. 

1 Z-TRANSF0RME0 CONTROLLER 
2 TUSTIN TRANSFORMED CONTROLLER 
3 DIRECT DIGITAL CONTROLLER 

0.03 0.Ö5 0.Ö7   0.1     0 15 0.2     O.'S 0.4 0.5   O.'? 0.91     1.5    2 3 

SAMPLE TIME T 

SEC 

Figure 61.   Design Procedures Trade 
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Word-Length Roundoff Noise Relations 

The following develops a stochastic approach to the sample-rate-word-length 
tradeoff problem. The "first-difference" algorithm is used here for the digi- 
tization of analog system dynamics simply to demonstrate the approach. 

Consider a continuous controller with dynamics described by 

x = A x + B u c c 
Let the sample time be T seconds.   Substituting 

x = *k+l "xk 

into (381) yields 

Vl x..., =F mx.+G (TJu, 

where 

(381) 

(382) 

(383) 

F (T) = (I + A T) 
v- C (384) 

and 

G (T) = B T 
c c (385) 

Equation (382) is the "first-difference" algorithm.   Using Appendix B, the 
roundoff noise model is given by Figure 62. 

Figure 62.   Roundoff Noise Model of the Digitized Controller Dyn amics 
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?k+i' F=msk+ % <386> 
where 11    is the roundoff noise vector with the variance matrix given as 

W(w) O2 
12 I (387) 

where w a word length. 

The steady-state value of the mean-square error is given by 

X   = F (T)X F'   (T) + W c       c c     c 

Substituting (384) into (388) yields the following matrix equation 

X A ' + AX   + A X A'T +^2) = 0 cc cc        ccc 1 

(388) 

(389) 

This is the functional relation between the noise covariance,  continuous 
system dynamics,  sample time,  and word-length parameters. 

As an example consider the following first order differential equation: 

Let 

x a a x + b u c        c 

xk+l ' fcxk + *c\ 

(390) 

(391) 

be its discrete representation.   Let a     be the roundoff noise variance in 
the computation of the right-hand side of (391) and a * be the resulting 
output noxse variance. 

The steady-state solution to Equation (OQ9) exists when: 

(fe< 0 

and 

0< |ac|T < 2 

Then the use of Equation (389) yields 
2 

(.2|aq| + |a^|2T)ax
2
+V-0 

(392) 

(393) 

(394) 
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Defining the digital noise amplification factor as 

a 

w 

and solving Equation (394) for  T  yields 

1 +"\/l --T (396) a c '- 

;V^ 
This shows that for a fixed noise amplification level, the sample time is 
inversely proportional to the pole location. Smaller pole locations Require 
higher sampling times (lower sampling rate). 

Noting'that 

2    (2'w)2 

aw
2=llni- (397) 

where w is the word length, another form of solution of Equation (394) is 
given by 

w = log9  —;     ■ y=- (398) 
ax2 vT/f"  '2 |^| -afT 

This shows that for a given output noise level,  lower sample times require 
longer word lengths. The smaller the pole, the higher the required word 
length.   The third form of the solution of Equation (396) is given by 

ax2 = -2^ hn—— (399) x
       2^ (12) T (2L    - a^T) 

I cl        c 
This indicates that in order to keep the digital output noise variance down, 
word length and sample time must be increased.   The smaller the pole location, 
the more dominant its contribution is to the output digital noise. 

POWER AND POWER SPECTRAL DENSITY MODEUNG FOR 
FREQUENCY TRUNCATION (POWK) 

For signals generated in physical systems,  the power content of a signal in a 
prescribed frequency band can be used to determine significant frequencies 
of the signal in that band.   This, in turn, can be used to indicate how fast the 
sampling rate should be so that the digital signal is transmitted through the 
discrete channel without a significant loss of signal power.   In this paragraph 
we develop the power content model.   In Section V this is applied to a simple 
system. 
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Figure 63 shows three major stochastic inputs to a control system: 

• Signal input sd) 
• Gust input w (t) 
• Sensor noise input n(t) 

These inputs are assumed to be generated by the corresponding filters having 
independent white-noise inputs r\     f\ , and f\. shown in Figure 63. 

The total output spectral density is obtained from 

n 
S.(uu) = Z 

1 k = 1 
Hik(j«/) Sk(u)) (400) 

where 

Sk(uu) = power spectral density of input T^ 

jH^ju)) = magnitude ol frequency response from k    input to i 

output, and 

S.(u)) = power spectral density of output yj 

I 5Eff5öR 
NOISE 
FILTER 

SIGNAL 
FILTER 

I 
GUST 
FILTER 

nO) 

SENSOR NOISE 
GUST 

^p CONTROLLER •      » 

wgU) 

PLANT 

Figure 63.   Stochastic Inputs to a Control System 

The signal (or noise) power lying in the band 0 < uu £ uu   is obtained from 

U) i 
p(s) = r0' i s(u)) d 

o      " 
uu. (401) 
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The steady-state power level (mean-square value of signed) can be obtained 
from 

•     = iim    r0 -S(ii)) duu. 
(!)_-••    O 

(402) 

Equation (401) shows the power content of the signal in the band 0 £ u £ u0. 
This can be used to determine the significant frequencies of the signal by 
effectively truncating the frequencies (theoretically the frequencies go to in- 
finity but practically they are insignificant beyond some power settling fre- 
quency).   This fact is illustrated in Figure 64. 

'sett 

 Figure 64.  Power Spectral Density and Power as a Function of w 
The power level is said to be settled when it reaches  p  percent of its steady- 
state value (for example when  p   is between 90 to 95 percent of its steady- 
state value).   Tho corresponding bandwidth is called the power settling fre- 
quency or the settling bandwidth,    (This is analogous to the 50 percent power 
point for the regular bandwidth definition.) 

To obtain the "settling bandwidth of a signal", normalized power is computed. 
The normalization factor is the steady-state power level (mean-squared value) 
of the signal.   It is obtained by solving the following equation for continuous 
signals: 

X = 0 = AX + XA' + BWB 

Y = CXC' + DWD' 
(403) 

where W is the disturbance covariance matrix. 

For any given sampling frequency, the total average signal power of the 
digital system is computed from 

P(u)) s ~ J      I H* (e^1) | * S(u)) duu (404) 
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where 
S(Uü) = Spectral density of the digital input signal, 

lH*(e•'ll, )l= Digital-frequency response amplitude from input to output, 

uu = Sampling frequency (rad/sec) and s 

P(uu)        = Average power content of digital output signal. 

For digital signals, the following equation is solved for the steady-state 
power density levels 

X = FXF^GWiG' 
a   , (405) 

Y = HXH' + EW.E'. 
where Wd = W/T. a 

Then the densities are integrated in the frequency domain until the powers reach 
their settling levels. 

Program POWK implementes this analysis.   It is fully documented in Volume II 
of this report. A demonstration example is given in Section V of this report 
using a fourth-order system model. 

TIME RESPONSE MODEL FOR DETERMINISTIC INPUTS (TRESPK) 

The second order algorithm [8], given below, is used in integrating the 
differential equations to get the states and responses to deterministic inputs 

xk+l = :'k+ T (3xk " Vl1 

where AT is the integration step size. 

The derivatives are either computed directly using the matrix quadruple 
A BCD in 

x = Ax + Bu 

or are obtained from the simulation equations [see Equations (4) and (5)]. 
Since in this case x appears in both sides of these equations, the aged deriva- 
tive xk. i is used to compute the current derivative xk. 

In the discrete case the states and responses are merely updated using the 
digital quadruple FGHE in 

xk+l - F xk + Guk 
rk     = Hxk+1 + Euk+1 

These expressions are implemented in time response program TRESPK for 
step inputs and fully documented in Volume II, Section VIII. 
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SECTION V 

COMPUTATIONAL REQUIREMENTS AND PARAMETRIC STUDY 

This section documents a comprehensive study of digital flight control param- 
eters.   Aircraft flight condition, system bandwidth, sample-rate, and word 
length are to be varied, and the relative influence on performance is to be 
examined.    The objective here is to define computation rate requirements for 
a tactical fighter and the rate sensitivity to DECS parameters. 

The F-4 longitudinal control system presented in the fly-by-wire report 
AFFDL-TR-71-20, Supplement 2, was selected for the parametric study, 
which was carried out in two levels of system complexity.   First, the F-4 
longitudinal structural filter was investigated.   Subsequently, the overall 
F-4 longitudinal control system (open loop and closed loop) was studied.   These 
studies are summarized in that order. 

The various topics discussed in this section are supported by numerous 
figures.    To preserve reader continuity, therefore, each topic will be presented 
in its entirety and then followed by its supporting figures.   However, there are 
a few obvious exceptions to this format where small figures are presented within 
the text. 
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PARAMETRIC STUDY OF A STRUCTURAL FILTER IN THE F-4 
LONGITUDINAL CONTROL SYSTEM 

Parametric analysis by software was carried out to relate the poles and zeros 
and the frequency response of a structural filter to the computational param- 
eters--sample time, and the coefficient word length.   The structural filter 
is the same as that used in the F-4 longitudinal control system. 

The following parameter set was used: 

• Sample Time:  0.1/1000. 1/160. 1/80. 1/40. 1/20 sec 

• Coefficient Word Length:  24, 16.  12. 8 bits 

Figure 66 shows the transfer function, state diagram, and differential equa- 
tions which describe the dynamics of the structural filter (which is also called 
a notch filter), and Figure 67 shows the program listing describing the contin- 
uous filter in Subroutine SINKC.   Figures 68 and 69 show the sample-time 
root locus in the image s-plane and z-plane of the notch filter based on the 
pole-zero data for a 16-bit coefficient word length.   The zeros are computed 
for sampled-output/sampled-input transfer.   Figures 71 through 75 (presen- 
ted following this discussion) show the filter quadruple and associated poles 
and zeros for a 16-bit coefficient wordlength and sample times of 1/1000, 
1/160, 1/80. 1/40, and 1/20 sec. respectively.   Figure 70 with T=0. Full 
Word is included for comparison.   Figure 76 shows the effect of coefficient 
word length on the quadruple data.   For sample time T = 1/80 sec, 24- and 
8-bit data are displayed.   Figures 79 through 86 show the dependence of the 
frequency response (gain vs. omega, and phase vs. omega) to the sample 
time parameter for a fixed word length.   This dependence is exhibited for 16 
bits of data and sample times of 1/160, 1/80. 1/40, and 1/20 seconds respec- 
tively, using sampled and zero-order-held input and zero-order-hold output. 
Figures 77 and 79 (T = 0. Full Bits) are shown for comparison purposes. 

Figures 87 through 90 show the dependence of the frequency response (gain vs. 
omega) to coefficient word length for fixed sample time.   This dependence is 
exhibited for a fixed sample time of 1/1000 sec., and word lengths of 24,  16, 
12 and 8 bits, respectively, using sampled and zero-orderihold input and     * 
zero-order-hold output.   Figure 91 shows the frequency response table.   Fig- 
ure 92 shows the loss of phase margin. 

We note that in this part of the parameteric study, we used a subsystem ap- 
proach (a short cut) to sample rate selection.   In this approach, a critical 
subsystem is chosen and isolated from the rest of the system.   Subsequently 
its variation (i. e. , deterioration) from the ideal is investigated as a function 
of sample time and word length.   Maximum allowable variation determines 
the computational parameters. 

Figure 65 shows replacement of a continuous controller by a digital controller 
in a feedback system between the terminals A and B.   Within the controller, 
an element which is most sensitive to sample rate is the structural filter. 
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Figure 65.   Replacement of Continuous Controller with a Digital 
Controller in a Feedback System 

The following conclusions can be drawn from analysis of the parametric studies: 

• A coefficient word length of 16-bits is sufficient to represent the 
discrete notch filter dynamics (i. e.. difference equations) 

• The sample-time root locus in the image s-plane shows that the notch 
frequency and damping is very sensitive to sample time.   They are 
both reduced by increased sample time.   The complex poles of the 
filter have the same trend. 

The roll-off filter bandwidth increases 30 percent when sample time 
is increased from zero to T = 1/80 sec.   This shows that for sample 
times greater than 1/80 sec., poles and zeros must be prewarped 
to maintain critical frequencies. 

• Frequency response plots show the notch frequency Ehift to the lower 
frequencies as sample time is increased from zero.   High frequen- 
cies are sharply attenuated due to a zero introduced by the Tustin 
algorithm at the half sampling frequency, and, due to the attenuation 
characteristics of a zero-order hold unit.   This attenuation, how- 
ever, is obtained with an excessive phase lag (approximately 90 deg 
at half sample frequency) as shown in Figures 87 through 90. 

• If the additional phase lag introduced by the digitization of the filter 
and by the hold unit is to be constrained to some maximum value at 
some critical frequency, then the sample rate can be chosen 
accordingly. 

• Figure 92 shows that at w = 10. 25 rad/sec (approximately the air- 
craft rigid body crossover frequency), a loss of 3 degrees in phase 
margin corresponds to sample time of T = 1/100 sec. 
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DIFFERENTIAL EQUATIONS 

Xc(l) = Uf Yc(l) 

X (2) = X (3) c c 

Xc(3) = U
2

d   Yc(2) 

'n /udr 
Yc(l)   =   -Xc(l) + Xc(2) + 2 -   Xc(3)+[^|    Yc(2) 

Cd 
Yc(2)   =   ü(l).2—Xe{3)-Xc(2) 

r(l)     =   Xc(l) 

Figure 66.   Notch Filter Simulation Diagram and Equations 

128 

- ■ ■ ■■: ' ' ■■■-■—       ■ 

n 
■ - .-■■-■■ —- 

a^^HMÜHIi ■MMHMi J 



J^^IJPPIIPIPPBPPI^PP^WPWP^WIBWPIPIWIWIW^^TW    HI I  IH>MP   pwM.WiJ.MM""^—'    I     U.l^wmfi<I.Wi.»»WW>.>i-»^-"F«1^»PIWIW"ilfr   '  '■■ 

SUBPOUTINC SIMKC 
I 

C   ' THIRD OROCR NOTCH FILTER DYNAMICS 

 COMMONV(41).W(70).NX.NIY,NR,NU.INIT.ISO.MO(,)E»F(41»70)»TPS«irLAttT 
öiMgNstöN xwni)» xo). Y(?), ünr 
PDUlVÄingCt TXÜüTm.   W(l)).   mil»   W(4)).   (XT!)»  W{6))» 

,4     <W(1)*  W(9n 
IF   (INZT   .NE.   0)     60  TO   100 
MX ■ 3 
NP = 1 

" NU « 1 

RCTURN 
IM CONTINUE 

** > 86. • 
• 

' XIN = .05 
- WD « 84. 

X1D = .6 
•r • 120, 

c 
c «DOT EQUATIONS 
c 

Yfl) V(l) = WF » 1 ' V12) « X(3) 
¥<3> « Wp ♦ WD • Y(2» 

c 
.* Y EOUATIONS 
c 

♦ XT?) 
/ TWN » WN)) • 

• XTN) 
vr?)) 

/ WN) v(4) = -xm • X(3) ♦ 
i (rwo * wn 
VCSI • U(l) - ((2. • xio / WD) • xon- X(2) 

c 
C    RC8P0NSE EQUATIONS 
C 

—      V(ft' g~xnv 
RETURN 
END 

Figure 67.   Notch Filter Simulation Program Listing 
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Figure 68.   Notch Filter Sample-Time Root Locus In the a-Plane 
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Figure 69.   Notch Filter Sample-Time Root Locus in the z- Plane 
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Figure 70.   Filter Quadruple and Associated Poles and Zeros for 
Sample Time T = 0 sec and Word Length = Full 'Jits 
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Figure 74.   Filter Quadruple and Associated Poles and Zeros for 
Sample Time T * 1/40 sec and Word Length * 16 Bits 
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SAMPLE TIME (SEC) 

Figure 92.   LOBS of Phaee Margin versus Sample Time at 
Omega = 10. 25 rad/sec 
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POWER CONTENT ANALYSIS WITH STRUCTURAL FILTER 

Figure 93 illustrates the fourth-order system transfer fün^ion model involved 
in this study. 

(Signal Filter) (Structural Filter) 

V2T: 

!s+l 
s.ft) (Td

2s2 + 2CdTd + 1) ^f571^ r(t) 

Figure 93.   Power Content Analysis Model 

The first block represents the input-generating filter.    The second block 
represents the analog process, which consists of a notch filter cascaded to 
a roll-off filter. 

The parameter values are given in Table 11. 

Table 11.   Parameter Values 

Füter Parameters 

Sigrtät -i-  = 200,    .2 rad/sec 

Processor TJT- = 86 rad/sec, Cn = . 05 
n 

■m-  = 84 rad/sec, CJ = .6 
^                              d 

4- = 120 rad/sec 1t 

Figure 94 shows the system quadruple with the 200 rad/sec prefilter.   Figure 
95 lists the power and the power-spectral density (PSD) as a function of omega, 
and Figure 96 plots the same.   Figure 97 shows the plot of the power and the 
density with 0.2 rad/sec prefilter.   It is seen from Figure 96 that approxi- 
mately 95 percent of the signal power is in the band of 0 < u <waeH.' where 

wsett = 325 rad/sec. 
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On the basis of the settling frequency of the continuous process, the Nyquist 
frequency (reflection-frequency) of the digital process is computed as 

"L« = k mi ^ where, k ^ 1. nq sett 

The required sample time is then given by 

T * mr  second 
K   sett 

For the above process, and assuming k ■ 1, one obtains T «0.01 second as 
a required sample time. 

In this approach, the sample time T is dependent on the power-settling fre- 
quency of the output.    This, in turn, depends on the processor as well as the 
input signal spectral content.    For instance, if the signal-gene rating filter band- 
width is 0. 2 rad/sec, the 95 percent of the output signal power lies in the 
band of 0 <ul,<w   +., where wsett = 2. 5 rad/sec.   (See Figure 97.x 

Thus, the corresponding sample time would be (for k = 1) 

_ TT 

sett 1.25 seconds. 

In summary, this brief analysis shows that the upper bound on the sample 
time requirement is obtained by assuming a white noise process as a signal 
process.   In this case, the settling frequency of the filter alone (open loop) 
gives an upper bound on the sample time. 

For a colored signal generated by a 200 rad/sec prefilter, 95 percent of total 
output power lies in 0 ^ üUS325 rad/sec. bandwidth.   Truncating the frequency 
response at this frequency and applying the sampling theorem to this truncated 
process, one obtains T = 0. 01 second as a required sample time. 
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Figure 94.   System Quadruple and Outputs 
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Figure 95.   Power and PSD (200 rad/sec Input Filter) 
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Figure 96.   Plots of Power and PSD (200 rad/sec Input Filter) 
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Figure 97.    Plots of Power and PSD (0. 2 rad/sec Input Filter) 
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PARAMETRIC STUDY OF F-4 LONGITUDINAL CONTROL SYSTEM 

The parametric study of F-4 longitudinal control system is presented in this 
section. 

First, a brief presentation of modeling efforts is given.   This is followed by 
a parametric study of F-4 longitudinal control system stability and frequency 
response performance.    The  'first quadrant rule" for sample rate selection 
is developed in this section.   Also,  conclusions are listed with respect to 
requirements on the basis of stability and performance measures. 

Subsequent paragraphs present a parametric study of F-4 longitudinal control 
system gust response ratio performance and conclusions drawn for the require- 
ments based on this performance measure.   This is followed by a parametric 
study of F-4 control system stability with computational time delay, and 
conclusions drawn from this study. 

Modeling of F-4 Longitudinal Control System 

The F-4 longitudinal block diagram (vehicle,   sensor dynamics, actuator 
dynamics and controller) presented in the fly-by-wire report AFFDL-TR-71-20, 
supplement 2, is used to generate the system model by the DIGKON software. 
The FC-11 with Mach 1. 2, 5000-ft. flight condition (q max) is chosen because 
of model frequency considerations (highest aeroelastic frequencies).    Three 
bending modes are included in the aircraft model.    Figure 98 shows the four 
subsystem blocks that comprise the overall system and the interconnection 
between the blocks. 

The procedure for generating models by the DIGIKON software is briefly 
outlined as follows:   Starting with the physical equations or the system block 
diagram, a simulation diagram is shown.   From the simulation diagram, the 
state equations, summing point equations, and response equations are written. 
These equations are then programmed for the DIGIKON software.   A similar 
procedure is followed for the controller, sensors, and actuators.   After the 
subsystems have been verified, they are interconnected as shown in Figure 98. 

In the following,   first models (i. e., quadruples) for the subsystems are 
obtained.    Subsequently, the actuator, vehicle and sensor subsystems are 
combined into one system called the plant.   Finally., the plant and controller are 
combined into the overall system. 

Figure 99 shows the block diagram for the sensors.   The state diagram is 
presented in Figure 100 and the sensor equations (differential equations, 
summing point equations, response equations) are given in Figure 101,    Figure 
102 is the program listing of subroutine SIMKS which implements the sensor 
equations. 
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Figure 103 shows the physical equations for the vehicle (A/C),   The simulation 
diagram is presented in Figure H)4, and the vehicle equations (differential 
equations, summing point equations, response equations) are given in Figure 
105.   The FC-data is listed in Figure 106.   Figure 107 is the program listing 
of subroutine SIMKV which implements the vehicle equations. 

Figure 108 shows the block diagram for the actuator.   The state diagram is 
presented in Figure 109 and actuator equations (differential equations, summing 
point equations, response equations) are given in Figure 110.   Figure 111 is 
the program listing of subroutine SIMKA which implements the actuator equations. 

Figure 112 shows the block diagram for the controller.    The state diagram is 
presented in Figure 113 and controller equations (differential equations, summing 
point equations, response equations) are given in Figure 114.   Figure 115 is 
the program listing of subroutine SIMKC which implements the controller equa- 
tions.   Appendix A documents the controller modeling via transfer function input. 
This approach to modeling is more convenient when subsystems are described 
by transfer functions. 

Figure 116 shows the block diagram for the plant (A + V + S).   The plant equa- 
tions (differential equations, output equations, interconnection equations, plant 
outputs) are given in Figure 117.   Figure 118 is the program listing of subroutine 
SIMKP which implements these equations. 

n - 
Figure 119 shows the block diagram of the overall system (P + C).   The overall 
system equations (differential equations, output equation^, interconnection 
equations, overall system outputs) are given in Figure i^fi^FigureJ21 represents 
the program listing of subroutine SIMK which implements these equations. 
When the mode switch is closed (MODE = 0) the overall closed loop system 
model is developed.   When the mode switch is open (MODE = 1) the overall open 
loop system is obtained. 

We note that the modeling through subsystems as described above provides 
modularity.    This facilitates subsystem modification, and checkout.   It goes 
without saying that the actuator, vehicle, and sensor groups can be modeled 
together as one subsystem.   The user chooses these options for his needsT 
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PITCH R*r£ GYRO 

1 
(RAO/SfO S/R P, (DEGREE/SEC) 

4 -L ■.,iL.,. 
 ¥ 

NORMAL ACCEUEROMETER 

_, l^■" 
•■ 

s. *" 
'                          » 

C0/H   "   'T-2"^P 

\       "   0.12 

U,       =   150 

P.       =   0.8 

yt      =   200 

{„       =  0.6 

Figure 99.   Sensor Block Diagrams 

Figure 100.   Sensor State Diagrams 
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NAME LIST FOR SENSOR 
XS(1)«PITCH RATE GYRO STATE 1 
XS(2)=PITCH RATE GYRO STATE 2 
XS(3)=NORMAL ACCELEROMETER STATE 
RS(1)=PITCH RATE GYRO OUTPUT 
RS(2)=NCRMAL ACCELEROMETER OUTPUT 
US(1)=PITCH RATE GYRO INPUT 
US(2)=NORMAL ACCELEROMETER INPUT 

Differential Equations 

*8(1) = ^ y8(1) 

kg{2) = xsW 

Summing Point Equations 

y8(l) « 3a u8i2) - x8(l) 

2C, 
y8<2)8Cd/r Vs^-V2)-^ Xs(3> 

Response Equations 

rs(l) = xs(2) 

ra(2) = Xs(l) 

Values of the Parameters 

CD/B '  57-29578 

üüq  =  150 

Ba = .8 

uu    =  200 
a 

Cq - -6 

Figure 101.   Sensor Equations 
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SURUOUTINE    SIHKS CDC 6600 FTN V3.0-7355 OPT-1     U/13/73    00.*7,37. 

10 

15 

20 

25 

SURROUTINE SINKS 
C  SIMKS  6600 VERSION 

COMMON V(M).W(7Q).NX.NY,NH,NU.INIT,IFLAG»MO0E»rUW0>»T.irc 
DIMENSION XOOT(3)tY(2»tX(3>«U(2) 
EQUIVALENCE (XDOTd) ttf (1)) t (V(1) *W(«)) < <X(1) tW(6)» * (U(l) »Wi«)) 
IF (INIT.NE.O) 60 TO 100 
NX>3 
NR-2 
NU.2 
NY.2 
RETURN 

100   CONTINUE 
WA-200. 
BETAA'.S 
WOslSO. 
BETA0«.12 
XlOs.6 
CDPR-57.3 
V<1)«WA»Y<1» 
V<2)«X(3) 
V<3)«W0#WQ»Y(2) 

C Y EOUATIONS 
yU)>BETAA*U(2)-X(l) 
V(5)>C0PR*RETA0*U(1)-X(2)-((2.*XI0)/WQ)»X(3) 

C RESPONSE EOUATIONS 
V(6)»X(2) 
V(7)«X(1) 
RETURN 
END 

Figure 102.    Program Listing for Sensors 
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Figure 104.   Vehicle Simulation Diagram 
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NAME LIST FOR VEHICLE 
XV(1)=ANGLE OF ATTACK (ALPHA, RAD) 
XV(2)=PITCH RATE (Q, RAD, SEC) 
XV(3)=STABILATOR BENDING (ETA1) 
XV(4)=STABILATOR BENDING RATE (ETA1DOT) 
XV(5)=FIRST VERTICAL BENDING (ETA2) 
XV(6)=FIRST VERTICAL BENDING RATE (ETA2DOT) 
XV(7)=STABILATOR ROTATION (ETA3) 
XV(8)=STABILATOR ROTATION RATE (ETA3DOT) 
XV(9)=GUST ANGLE OF ATTACK (ALPHA, RAD) 
RV(l)«TOTAL PITCH RATE AT GYRO LOCATION (QT, RAD/SEC) 
RV(2)=TOTAL NORMAL ACCELERATION AT ACCELEROMETER 

LOCA (NA IN/SEC) 
UV(l)=STABILATOR DEFLECTION INPUT (DELTA, RAD) 
UV(2)=STABILATOR RATE INPUT (DELTADOT, RAD/SEC) 
UV(3)=STABIT,ATOR ACCELERATION INPUT (DELTADDOT, RAD/SEC2) 
UV(4)=WHITE NOISE INPUT TO GUST FILTER 

Differential Equations 

Xv(l) =  (1 + Z •) Xv(2) + Za Yv(l) + Z^ Xv(4) 

+ Z^ Xv(3) + Z^ Xv(6 ) + Z^V5) + Z^ V8) 

+ Z^ Xv(7) + Zj Uv(3) + Zö- Uv(2) + Z6 Uv(l) 

Xv(2) - M^ Yv(2) + N^ Yv(l) + M^ 3^(2) + M^   Xv(4) 

+ M^    Xv(3) + M^   Xv(6) + M,,   Xv(5) + M^   Xv(8) 
1 «t A O 

+ M^   Xv(7) + M-6' Uv«3) + M^ Uv(2) + M6 Uv(l) 
ö 

Xv(3) = Xv(4) 

V4)= FaYv(l) + F-^(2) + Ffl   X^ + F^   Xv(3) + F^   Xv(G) 
«• X iS 

+ FrL Xv(5) + F^ Xv(8) + FTl   Xv(7) + F'6 Uv(3) 

M u o 

+ F^ Uv(2) + F6   Uv(l) 

Figure 105.    Vehicle Equations 
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Xv(5) = Xv(6) 

iv(6) = Ga Yva) + Ge Xv(2) + G*   Xv(4) + \ Xv(3) + G^ Xv(G>) 

+ G^   Xv(5) + G^   Xv(8) + G,,    Xv(7) + Gj Uv(3) 
d O O 

+ G5Uv(2)+G6Uv(l) 

Xv(7) = Xv(8) 

V8) = "a Yva) + He Xv(2) + H^ Xv(4) + "r,, Xv(3) + Ht0 
Xv(6) 

^H^   Xv(5) + H^   X^+H^   XV(7) + H,
6

,UV(3) 
A O O 

+ H^ Uv(2) + HfiUv(l) 

Xv(9) " T^    [' Xv(9) + V^T    (a/U0) UV(4)J 

Summing Point Equations 

Yv(l) = Xv(9)+Xv(l) 

Yv(2) = Xv(l) '- 

Yv(3) = Xv(2) + (ö0}/ax) Xv(4) +(a02/öX) Xv(6) +(a03/ax) Xv (8) 

V4) = ^T-K(2)-XV(IJ 
Yv(5) = Yv(4) + (Lx/32.2)Xv(2) 

Yv(6) = Yv(5) -^ h [*!* Xv(4)+02Xv(6) + 03X, kv (8)] 

Response Equations 

rv(l) = Yv(l) 

rv(2) = Yv(6) 

Figure 105.   Vehicle Equations (Concluded) 
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?.   Mil2i«:im t   M(ill»U(?l      •  MllOI'Udl 
vm        • ■ («I 
V(ki •  r(t)»y(||   .  r(2i*M2)   ♦  F(3i   »«(k)   *   F(kl»X(3l 

I«   r(5)»«(6i   ♦  F(6)*X(&|   .  F(7»»«(«l   .  F(9I»X(7)   ♦  F(9I#U(3) 
'.   r(lO(»ll('l      ♦   F d l(»U(ll 

1/(51 »   ■ (61 
v(M >  '-(l)>r(i)   •  G(2)*<(2I   *  G(3'»«(k)   ♦  G(k)*x(3l 

1.   r,(si»«(6i   .   r.(6l*<(5l   •   G(7)»«(8»   •   r.(8l*X(7>   •   6(9>*UI3) 
■>.   r.dn)«ii(?l      .   r.(lll*U(ll 

</(7l <      (81 
V(«l s   -dl'Tdl   .  H(2>><(2)   ♦  H(3),X(»I   »   H(kl*X(3l 

I«   i(5l»»(6i   •   Hi6)»«(5i   .   H(7I>X(8I   •   H(B»«X(7)   ♦  M(9)*U(3I 
»»   »(tO)»m>l      ♦   üdD'üUI 

VCJ) >   (-X(9>   ♦   5JRT(2.0»II»)»S15M*»U(kl/UPSZ»/TW 

COMBUTc   Y   EQJ*TI0N5 

('( 101 •   1(9)    .   Xd I 
Vllll   • «D   T(l) 
Jl\?> >   «(?(   .   DBMIl«X(k(   .   0PMI2»X(6t   ♦   0PHI3»X(8» 
'(13) ■   (UBSZ/32.2l*(XI2l-XO0T(IM 
Vd*) ■  r(k)   .   (LX/3?.2>»XDOT(2| 
«d    )• .   y(5)   -   (BMII''X00T(k)»PMI2»X00T(6l»PMl3»X00T(ai)/32.2 

B»TF »ND «CCFLtBATION 3UTPUT 

V(16)   ■ y(3l 
V(17)   ■ T(6I 
BETUHN 
END 

Figure 107.   Program Listing for Vehicle Equations 
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NAME LIST  FOR ACTUATOR 
XA 
XA 
XA 
XA 
XA 
XA 
XA 
XA 
XA 
RA 
RA 
RA 
UA 

Different 

x(l 

x(2 

x(3 

x(4 

x(5 

x(8 

x(7 

x(8 

x(9 

Summing 

l)«POWER ACTUATOR STATE (DELTAE, RAD) 
2)=SECONDARY ACTUATOR INTEGRATOR STATE 
3)=SECONDARY ACTUATOR (SERVO VALVE) STATE 
4)»SERVO AMPUFIER STATE 
5)=DEMODULATOR (FILTER) STATE (SECONDARY ACTUATOR) 
6)^WASHOUT FILTER STATE (SECONDARY ACTUATOR) 
7)=DEMODULATOR (FILTER) STATE (STABILATOR ACTUATOR) 
8)=WASHOUT  FILTER STATE (STABILATOR ACTUATOR) 
9)=ACTUATOR INPUT  FILTER STATE 
1)=STAB1LAT0R DEFLECTION (RAD) 
2)=STABILATOR DEFLECTION RATE (RAD/SEC) 
3)=STABTLATOR DEFLECTION ACCELERATION (RAD/SEC2) 
l)=ELEVATOR CONTROL INPUT TO ACTUATOR 

al Equations 

= KMR ♦ Y(l) 

= x(3) 

= W3 * Y(2) 

= W2 * Y(3) 

= WDMOD1 * Y(6) 

= Y(5) 

= WDMOD2  * Y(6) 

= Y(7) 

= Wl   * Y(9) 

Point Equations 

Y(l)  =  LINKG1 * X(2) - CSTABA * Xfl) 

Y(2) =  BETA3 * X(4) - X(3) 

Y(3)   = BETA2  * Y(8) - X(4) 

Y(4)  =  -X(5) + CVPIN * BDMOD1 * X(2) 

Y(5)  =  -X(6) +X(5) 

Y(6)   =  -X(7) + BDMOD2 * X(l) 

Y(7)  =  -X(8) +X(7) 

Y(8)  = X(9) - CGOK * Y(5) 

Y(9)  = BETA1 * Y(10) - X(9) 

Y(10)  =  U(l) - Y(7) 

Figure 110.   Actuator Equations 
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Response Equations 

r(l) ■ LINKG2 ♦ CRPD ♦ X(U 

r(2) = LINKG2 * CRPD * X(l) 

r(3) = KMR * UNKG2 * CRPD * (LINKGL ♦ x(2) - CSTABA ♦ x(l)) 

Values of the Parameters 

BETA1  = .37 

BETA2  =  57.6 

BETAS  =  .408 

BDMOD1   =  1.25 

BDMOD2 -  1.17 

LINKG1   =  1.372 

LINKG2 =  2.805 

KMR »  163. 

CSTABA  =  1. /7.128 

CRPD =  1. /57.3 

CVPIN =  14. 

CGOK = .296 

Wl  =  1000. 

W2  =  1500. 

W3  =  565. 

WDMOD1  =  1000. 

WDMOD2  =  200. 

Figure 110,   Actuator Equations (Concluded) 
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SUnOOUTlNF  SIHh* COC 6400 TTN VJ.O-PSM OPT.J  |1/|2/T3 2).2T.23. 

10 

15 

?0 

25 

30 

35 

«0 

«.5 

50 

.55 

SUBOOUTIME   MM*« 
C      SI«<«     6600   V^ivSlON 
C   SIMiJ.ATION   E1U»TIONS   FOB   F-*   ACTUATOR 
C 

COMMON   VK1 ltW(70)>N)<tNriNRtNUtI>4lT.IFLA6«HOOE»F(*li''i))tT.IFC 
DIMfNSlON   <(9lfXDOT(9)«Y(10)<U(l) 
REAL  KKR.LINKGl.LHKna 
EO'JlVALENCr   (X   DOT (11 tWdtt, (T   (l)iM(10))«(X   (n«H<20))> 
1(U  (1)!»(?«)) 
IFdMT.^E.Ol GO T3 100 
NX«9 
NY»10 
*JU«1 
N»»3 
RETURN 

inp   CONTINUE 
9ETA1«.37 
Wl>1000. 
nFTA?»57.6 

W2»1S00. 
RETA3».<.08 
W3»565. 
LINKGI-1.3T2 
LINKG2«2,e'.t' 
KMR-163. 
CSTABA.1./T,128 

CRRD«1./S7.3 
CVPIN»!*. 
B0M0Dl«1.2e 
KOMOOl«lC0' . 
l?OM002»1.17 

wr)M002»?00, 
CGOK«.29«> 

DIFFERENTIAL EQUATIONS 

V(l|aKMR*Y(l) 
Vt2l»X(3l 
V(l|«K3»Y(.',t 
v(fc)«y2»YC<( 
VISl'KDMIOl'Yffcl 
V(6I»Y(5) 
V(7)««0M00l»Y(6l 
V(fll«Y(7) 
V(9)»W1»Y C) 

SMMMINr. POINT FQUATIONS 

V(10I"LINK'--1,X(2)-CSTABA»X(U 
V(U)=qrTA->«X('.)-X(3) 
V(l?)iRETA'«Y(8l-X (M 
V(n)«-X(5l»CVPIN»9nM0Dl»X(2l 
V(14)»-X(6)»X(5) 
V(lS)«-X(7)»BDM002»xa> 
V(16l»«Xtfl>»XI71 
V(17)aX(9)-CG0K»Y(5> 
v/(la)aPETAl»Y(10)-X(9) 
V(i9)»U(l)-Y(7) 

60 

65 

C   OUTPUT 
C 

■QU'.TlOv.S 

V(?0l-I.INKr,2»CRPD»X(l> 
V (21) «LIMKr-2»CRPD*XDOT (1) 
V (?2) »KMO.L INIWC^PD» (L INKr,I»XDOT (2) -CSTABA'XDOT (II) 
RETURN 
END 

Figure 111.   Program Listing for Actuator Equations 
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NAME Li T FOR CONTROLLER 
XC( j=ROLL OFF FILTER STATE (STRUCTURAL FILTER) 
XC 2)=NOTCH FILTER STATE 1  (STRUCTURAL FILTER) 
XC(3)=NOTCH FILTER STATE 2 (STRUCTURAL FILTER) 
XC(4)=STATE OF COMPENSATOR 2 
XC(5)=STATE OF COMPENSATOR 1 
XC(6)=COMMAND INPUT SHAPING FILTER STATE 
XC(7)=NORMAL ACCELERATION FEEDBACK LAG FILTER STATE 
RC(l)=ELEVATOR COMMAND OUTPUT FROM CONTROLLER 
UC'l)=PILOT INPUT  (CENTER STICK) 
UC(2)=NORMAL ACCELERATION FEEDBACK INPUT 
UC(3)=PITCIJ RATE FEEDBACK INPUT 

Differential Equations 

xc(I) = u^ •  yc(l) 

xc(2) = xx(3) 

kc(3) a ^d2 ' yc(2) 

ic(4) S\2 ' yc(3) 

xc(5) 8 "»cl • yc(4) 

ic(6) = («!  • yc(6) 

ic") = («3  • yc(7) 

Summing Point Equations 

yc(l) = xc(2)-xc(l) + (2Cn/u,n) •   xc(3)-Mu,c
2/u)n

2) 

yc(2) = xc(4) - (2^) •   xc(3) - ^(2) + (u,^/^) 

yc(3) = xc(5)-xc(4) + (u,cl/u)c3) •  yc(4) 

yc(4) = KVKF.   yc(5) ^ xc(5) 

yc(5) = Kq •  uc(3) + 1^2 •   xc(7) - 2 K 

yc(6) = uc(l) - xc(6) 

yc(7) = uc(2) - xc(7) 

cs xc(6) 

yc(2) 

yc(3) 

Figure 114,   Controller Equations 
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Response Equations 

rc(l) - xc(l) 

Values of the Parameters 

U).   = 6 a)ci  = 1 «d ■ :e 

Kc8 
= 1 u,c2 = 80 IB, =  120 

K    = .83 
q ««cS = 4 

U)3 = 4 .c4 = 27 

«NZ = •561 w    = 86 n 

1^ = 19.97 Cn - .05 

KF = .25 "d " 84 

Figure 114.   Controlier Equations (Concluded) 
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SUBROUTINE    SHKC CDC 6600  FTN  V3,0-P355 OPT-1     11/13/73    00.47.37. 

10 

15 

20 

25 

30 

35 

*0 

45 

50 

SUBHOUTIME SIMKC 
C SIMKC 6600 VERSION 

COMMON VUl).W(70)tNXiNr*NRtNU«INlT«IFLA0»MO0CtrUl*70)fT*IFC 
DIMENSION X00T(7)tH(7»iY(7>»U(3) 
REAL KCStKOfKNZtKVtKF 
EQUIVALENCE (XOOT (1) tM(l)) • (Yd) tM(S)) t (X(l> tM(lS) > t (U(l) *tf(22)) 
IF (INIT.NE.O) 60 TO 100 
CALL GAINTAB(IFC«KF> 
NXa7 
NR«1 
NUa3 
NY»7 
RETURN 

100  CONTINUE 
Ml>6. 
KCS-1. 
KOa.83 
W3«*. 
KNZ«.S61 
KV»19,97 
KF«.25 
MC1«1. 
WC2>S0. 
WC3»*. 
WC*»27. 
WN«86. 
XIN>.05 
W0«84. 
XI0-.6 
WF-120. 

C XOOT EQUATIONS 
V(n»KF»Y<l) 
V(2)«X(3) 
V(3)«WD,WD»Y<2) 
V<*)»WC2»Y(3) 
V<5»»WC1»Y(4) 
V(6)«W1*Y(6) 
V(7)»W3»Y<7» 

C Y EQUATIONS 
V(8)«X(2)-X(l)»((2.»XIN>/WN)»X<3)»<(WD»WD>/«*N«»<Nn*Y<2) 
V(9)«X(4)-J(2.«XI0)/KD)»X<3)-X»2)»<t<C2/WC*)#r(3) 
V(10)«X<5)-X(4)»<KCl/t<C3)»Y(*» 
V<ll)«KV»Kr»Y(5)-X(5l 
V(12)»K0»U(3)*KNZ»X(7)-2.»KCS«X<6) 
V(13)su(l).X(6) 
V(14)»U(2)-X<7) 

C RESPONSE  EQUATIONS 
V(15)«X(1> 
RETURN 
END 

1 
Figure 115.   Program Listing for Controller Equations 
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NAME LIST  FOR PLANT 
XP(  1)=XS(1)=PITCH RATE GYRO STATE  1 
XP(  2)=XS(2  'PITCH RATE GYRO STATE 2 
XP(  3)=XS(3)=NORMAL ACCELEROMETER STATE 
XP( 4)=XV(1)=ANGLE OF ATTACK (ALPHA, RAD) 
XP(  5)=XV(2)=PITCH RATE  (Q, RAD/SEC) 
XP( 6)=XV(3)=STABILATOR BENDING (ETA1) 
XP(  7)=XV(4)=STABILATOR BENDING RATE (ETA1DOT) 
XP(  8)=XV(5)=FIRST VERTICAL BENDING (ETA2) 
XP( 9)=XV(6)=FIRST VERTICAL BENDING RATE (ETA2DOT) 
XP(10)=XV(7)=STABILATOR ROTATION (ETAS) 
XP<ll)=XV(8)=STABILATOR ROTATION RATE (ETA3DOT) 
XÜ(12)*XV(9)=GUST ANGLE OF ATTACK (ALPHA, RAD) 
XP(13)«XA(l»=POWER ACTUATOR STATE (DELTAE. RAD) 
XP(14)=XA(2)=SECONDARY ACTUATOR INTEGRATOR STATE 
XP(I5)=XA(3)=SECONDARY ACTUATOR (SERVO VALVE) STATE 
XP(16)=XA(4)=SERVO AMPLIFIER STATE 
XP(17)=XA(5)=DEMODULATOR (FILTER) STATE (SECONDARY 

ACTUATOR) 
XP(18)=XA(6)=WASHOUT FILTER STATE (SECONDARY ACTUATOR) 
XP(19)=XA(7)=DEMODULATOR (FILTER) STATE (STABILATOR 

ACTUATOR) 
XP(20)=XA(8)=WASHOUT FILTER STATE (STABILATOR ACTUATOR) 
XP(21)=XA(9)=ACTUATOR INPUT FILTER STATE 
RP( 1)=RS(1)=PITCH RATE GYRO OUTPUT 
RP( 2)=RS(2)=NORMAL ACCELEROMETER OUTPUT 
UP( l)=UA(l)=ELEVATOR CONTROL INPUT TO ACTUATOR 
UP( 2)=UV(4)=WHITE NOISE INPUT TO GUST FILTER 

Differential Equations 

s s s        s s 
x    = A x   + B u v v v       v v 
x    =  A x   + b u a a a        a a 

Output Equations 
r    = C  x   + D u 

8 S   S S   S 

r    = C x   + D u v v v       v v 
r    = C x   + D u a a a        a a 

Figure 117.    Plant Equations 
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Interconnection Equations 
us(l) = rv(l) 

u8(2) = rv(2) 

uv(l) - ra(l) 

uv(2) = ra(2) 

uv(3) = ra(3) 

Plant Outputs 

rp(l) = rs(l) 

rn(2) = r (2) 
P B 

Figure 117.   Plant Equations (Concluded) 
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SUnftOUTlNE SIMKP CDC 6600 TTN V3.0-P355 OPT«l  lt/|)/T3 00.*?*)T, 

10 

IS 

20 

25 

30 

35 

40 

*5 

50 

55 

SUBROUTINE SI*KP 
SIMKP 6600 VERSION 

F-* PLANT(SEMSOR-VEHICLE-ACTUATOR) 

COMMON V(«l)»M(70>*NXiNY»NRtNUtINlT*IFLA«*NOOC*F(41*7f)*T*irC 
DIMENSION XSDOT(3)*XS<3)tXVDOT(9)tXV(«)»XAOOT(9)*XA<9).l»$<^^t 

1 u5(2),RV(2>,UV(4>fRA(3>»ÜA(n, U(2) 
DIMENSION AS(3t3)fBS(3«2)tCS(2t3)*0S(2*2) 

fAV(9.9)*eV(9f4)*CV(2*9)*DV(2t4) 
2 *AA(9«9I*BA(9«1)*CA(3*9)»DAI3«1> 
COMMON/DTAPE/MARK(20)»LOCATEiINSERTtNULL 
DIMENSION lSEN<20)«IACT(20)tIVEH(20> 
EQUIVALENCE (XSDOT(1)tM(I))*(XVDOT(1»«M(A))*(XAOOT(1)ttf(13)11 

i (RS(l)«W(22>)t(RV(l)*H(2A))*<RA(l)tN(26))» 
2 (US<niW(29))«(UV(l)tW(31>)f (UAtDtMOS))» 
3 <XS(l)*W(36))«(XV(l)*M(39))*(XA(l>»lf(AB>)t 
U (U (1>,W(57)) 

INITIALIZE 

IF(INIT.NE.O) 
NU « 2 
NR « 2 

60 TO 100 

READ INPUTS FROM SENSOPt VEHICLE» AND ACTUATOR 

REA0(5*299) ISEN 
READ(5»299) IVEH 
READ(5f299) IACT 

^99  FORMAT(20A4) 
CALL TAPE(LOCATE.ISENt7) 
KRITE(9»299) ISEN 
READ(7) TtNSX.NSRtSSU»<(AS(l«J)»I-lfNSX)*Jal*NSX)» 
l((BS<I*J)*I«ltNSX)*Jal«NSU)» 
2((CS(I»J)»I>1»NSR>»J>1»NSX), 
3((DS(ItJ)*I>l»NSR)*J>l«NSU> - 
CALL TAPE(L0CATE»IACT»7) 
«RlTE(9t299) IACT 
READ(7) Tt^AX»NARtNAU»((AA(I»J)«I>l*NAX)*jBl»NAX)* 
l((BA(I»J)il>l,NAX).J>l,NAU). 
?<(CA(I,j>♦l«l,NAR),J»1,NAX>, 
3((DA(I.J)«I«l«NAR)»J*ltNAU) 
CALL TAPf. (LOCATE» I VEK»7) 
WRITE(9.^99) IVEH 
READ(7) T.NVX,NVR»NVU»((AV(I.J).I«l,NVX).J«lfNVX)» 
I((RV(I,J),I«l,NVX)iJ«l,NVU)i 
?((CV(I.J)»I«1»NVR)»J«1»NVX), 
3((OV(ItJ)*l>l.NVR)»J>lfNVU) 
NX = NSX ♦ NVX ♦ NJAX 
NY = NSR ♦ NSU ♦ NVR ♦ NVU ♦ NAR ♦ NAU 

C PRINT OUT MATRIX QUADRUPLES FOR SENSOR» VEHICLE» AND ACTUATOR 

IFdFLAG.NF.O) GO TO 102 
WRITE(9.11?) 

Figure 118.   Program Listing for Plant Equatlona 
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RPKI wmmmt 

SUnBOUTlMC  S1MKP 

60 

65 

70 

75 

80 

B5 

90 

95 

100 

105 

110 

112  FORMAT (21HC0NTINÜ0C'S QUADRUPLES) 
103 CONTINUE 

CALL HPRS<AS*NSX*NSX«NSX«NSX*T«4HAS 
CALL MPRS(qStNSXiNSU«NSXtNSU«Tt4HBS 
CALL MPRS(CS.NSR.NSX.NSRtNSX»T»*HCS 
CALL MPRSOStNSR«NSU*NSRtNSU*T*4H0S 
CALL MPRS(AV.NVX»NVX»NVX,NVXtT.*HAV 
CALL MPRS(aVfNVX*NVUtNVXtNVU«T*«HBV 
CALL MPRS(CV»NVRtNVXtNVR*NVXtTt4HCV 
CALL HPRS(DVfNVRtNVUtNVR*NVUfT*«HOV 
CALL MPRS<AA.NAX»NAX»NAX,NAX»T.4HAA 
CALL MPRs(RA.NAX»NAU.NAX,NAlJ»T.*HBA 
CALL MPRS(CA»NAR»NAXtNAR.NAXtT.4HCA 
CALL HPR5(0AtNAR»NAUtNAR«NAU«T»4H0A 
GO TO 104 

102  WRITE(9.111) 
111   FORMAT (18H01GITAL QUADRUPLES) 

GO TO 103 
104 CONTINUE 

RETURN 
100  CONTINUE 
C 
C COMPUTE DIFFERENTIAL EQUATIONS 
C 
C SENSOR DYNAMICS 

DO 200 I>1«NSX 
V<I)>0.0 
DO 201 J'lfNSU 

201 V(I)>V<I)*QS(I«J)*US(J) 
DO 200 Jsl*NSX 

200 v(i)«v(i»*Asa.j)»xs(j) 
C  VEHICLE   DYNAMICS 

DO  202I«1»^VX 
II»I»NSX 
V(II)«0.0 
DO  203  J«1.NVU 

203       V(II)>V(II)*BV(ItJ)*UV(J) 
DO  202  J=UNVX 

202 V(II)»V(II)»AV(I»J)»XV(J) 
C ACTUATOR DYNAMICS 

DO 20« Ul.NAX 
II»I»NSX»N\/X 
V(II)>0.0 
DO 205 J=l,NAU 

205  V(II)»V<I1)*BA(I»J)»UA(J) 
DO 204 Jsl,NAX 

204 V(II) ■ V<II) * AA(ItJ) • XA(J) 

COMPUTE OUTPUT EQUATIONS 

SENSOR OUTPUTS 
00 26 in»MSR 
II = I ♦ NX 
V(II) « 0." 
DO 27 J«1.MSX 

Figure 118.   Program Listing for Plant Equations (Continued) 
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SURROUTINE  SIMKP 

115 

120 

125 

130 

135 

140 

U5 

?7   V(II) « V(I1) 
00 26 J«1»NSU 

26 veil) > van 
VEHICLE: OUTPUTS 

00 28  IMtNVR 
11   «   1   ♦  NX   ♦ 
V(II>   ■  0.0 
DO  29  J«l»MVX 
v(in ■ VMI» 
DO  28  J>1«MVU 
vein 

ACTUATOR OUTPUTS 
DO  30   IMtNAR 
II   »   I   ♦   NX 
V<II)»0.0 
00  31   J«1.NAX 
V(II> 
DO  30 
V(II> 

29 

28 

♦ CSd.J»   •   XS(J> 

* DSdiJ)   •  USU) 

NSR 

♦ cvd.j» • xv(j> 

■ vein * ovdtJi • uv(J» 

♦  NSR   ♦   MVR 

31 

30 

* vein 
J»1»NAU 
>  Vdl) 

♦ CAd.J)   •   XA(J) 

♦ OAdtJ)   •  UAU) 

INTERCONNECTION EQUATIONS 

SENSOR INPUTS 
V(29) • RV(1) 
V(30)   >  RV(2) 

VEHICLE   INPUTS 
VOU   > RAd) 
V(32)   > RA(2> 
V(33)   ■ RA(3) 
V(3*)   ■  [Hi) 

ACTUATOR   INPUT 
V(35)   ■  Ud» 

PLANT OUTPUTS 

V(36) ■ 
V(37) • 
RETURN 
END 

R$m 
RS(2> 

Figure 118.   Program Listing for Plant Equations (Concluded) 
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NAME  UST FOR OVERALL SYSTEM 
X( 1)=XP(  l)=XS(l)»Pn,CH RATE GYRO STATE 1 
X( 2)=XP( 2)=XS(2)»PITCH RATE GYRO STATE 2 
X( 3)=XP( 3)=XS(3)=NORMAL ACCELEROMETER STATE 
X( 4)=XP( 4)=XV(1)=ANGLE OF ATTACK (ALPHA, RAD) 
X(  5)=XP(  5)=XV(2)=PITCH RATE (Q.RAD,SEC) 
X( 6)=XP( 6)=XV(3)^STABILATOR BENDING  (ETA1) 
K( 7)=XP(  7)=XV(4)=STABILATOR BENDING  RATE (ETAIDOT) 
X( 8)=XP(  8)=XV(5)=FIRST VERTICAL BENDING (ETA2) 
X( 9)=XP( 9)=XV(6)=FIRST VERTICAL BENDING RATE (ETA2DOT) 
X(10)=XP(10)=XV(7)=STABILATOR ROTATION (ETAS) 
X(ll)=XP(ll)=XV(8)=STABILATOR ROTATION RATE (ETA3DOT) 
X(12)=XP(12)=XV(9)=GUST ANGLE OF ATTACK (ALPHA, RAD) 
X(13)=XP(13)=XA(l)=POWER ACTUATOR STATE (DELTAE,RAD) 
X(14)=XP(14)=XA(2)=SECONDARY ACTUATOR INTEGRATOR STATE 
X(15)=XP(15)=XA(3)=SECONDARY ACTUATOR (SERVO VALVE) STATE 
X(16)=XP(16)-XA(4)»SERVO AMPUFIER STATE 
X(17)=XP(17)=XA(5)=DEMODULATOR (FILTER) STATE (SECONDARY 

ACTUATOR) 
X(18)=XP(18)=XA(6)=WASHOUT  FILTER STATE (SECONDARY 

ACTUATOR) 
X(19)=XP(19)=XA(7^Dr;MODULATOR (FILTER) STATE (STABILATOR 

ACTUATOR) 
X(20)=XP(20)=XA(8)=WASHOUT  FILTER STATE (STABILATOR 

ACTUATOR) 
X(21)=XP(21)=XA(9)=ACTUATOR INPUT  FILTER STATE 
X(22)= XC(l)=ROLL OFF FILTER STATE (STRUCTURAL FILTER) 
X(23)= XC(2)=NOTCH FILTER STATE  1  (STRUCTURAL FILTER) 
X(24)= XC(3)=NOTCH FILTER STATE 2 (STRUCTURAL FILTER) 
X(25)= XC(4)=STATE OF COMPENSATOR 2 
X(26)= XC(5)=STATE OF COMPENSATOR 1 
X(27)= XC(6)=COMMAND INPUT SHAPING FILTER STATE 
X(28)= XC(7)=NORMAL ACCELERATION FEEDBACK LAG 

FILTER STATE 
R(  1)=RP(  1)=RS(1)=PITCH RATE GYRO OUTPUT 
R(  2)=RP(  2)=RS(2)=NORMAL ACCELEROMETER OUTPUT 
R( 3)= RC(l)=OPEN LOOP TEST OUTPUT  FROM CONTROLLER 

(LOOP BREAK POINT) 
U(  1)= UC(l)=PILOT INPUT  (CENTER STICK) 
U( 2)= OPEN LOOP TEST INPUT TO ACTUATOR (LOOP 

BREAK POINT) 
U( 3)=UP(  2)=UV(4)=WHITE NOISE INPUT TO GUST  FILTER 

Differential Equations 

P P P P P 

*r,    ~    A«X«    +   B«U« c        c c c c 

Figure 120.   Overall System Equations 
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Output Equations 

rn = C^x,, + Du 
P        P P        P P 

r    = C x    + D u c c c c c 

Interconnection Equations 

u (1) = u(3) 
H 

un(2) = r (1) 
P c 

up(2) = u(2) 

up(2) = u(2) 

uc(l) = u(l) 

uc(2) = rp(2) 

uc(3) = rp(l) 

Overall System Outputs 

r(l) = rp(l) 

r(2)  = rp(2) 

r(3) = rc(l) 

if MODE 

if MODE 

if MODE 

0 

1 

1 

if MODE =  1 

Figure 120.   Overall System Equations (Concluded) 
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SUBROUTINE  SIHK COC 6600 FTN V3.0-P355 OPT«»  11/13/T3  00,*7.37, 

10 

15 

20 

?5 

30 

35 

40 

45 

50 

SUBROUTINE SIHK 
COMMON  V(M)»W(70)>NX«NY»NR,NU»INITtIFLA6tMOOEtFUl>70)tTtIFC 
DIMENSION   xCOOT(7),xeoOT(21)tXC(7).XP(?!>.RC(n»RP<»>tUC(3)»UP(2» 

1 tU(3) 
DIMENSION  AP(21f21)tBP(21t2)»CP<2«21)t0P<2*2» 

1 •&C(7t7)«BC(7i3)tCC'lf7)tOC<l«3) 
DIMENSION IHEAD(20> 
C0MM0N/0T4oE/M*R<»20).LOCATE»INSERT,NULL 
DIMENSION ICON{<?0)iIPL(20> 
EQUIVALENCE (XP00T(l).W(l)),(XCD0T(l»,H(22»).(RP(l),W(29>), 

i (RC(i).wnm.(uP(n.w(32)).(uca>.»M34)), 
2 (XP(l»»W(37»),(xC(n.l*(58)).(U(l).«»(6S>> 
IF(INIT.NE.O) 60 TO 100 

INITIALIZE 

NU ■ 3 
NR • 3 

C READ LABELS TO FIND »ROPEH QUADRUPLES 
RfACXSilOT)   ICON 

107       F0QMAT(20A4) 
READ(5,107) IPL 

C READ PLANT QUADRUPLES 
CALL TAPE(LOCATEiI«»L.7) 
MRlTE(9tl0f)(IPL(I)tI>l,20> 

106  FORMAT(lX«?0A4) 
READ(7) T.NPX,NP«,NPU»<(AP(I.J»»I»1.NPX»,J«1»NPX). 
1((BP<I«J)tlal,NPX),J«l,NPU>, 
2(<CP(UJ),I>l*NPR),Jsl»NPX). 
a((OP(I,J)*I>l>NPR)»Ja|,NPU) 

C READ CONTROLLER QUADRUPLES 
CALL TAPE»L0CATE»IC0'i,7» 
WRITE(9,106)(ICON(I)II>1,20) 
READ CO T.MCX»NCR»NCU.((AC(I.J),I«l.NCX).J«l,NCX», 
1HBC(I,J).I»1,NCX).J«1,NCU), 
2(<CC(I,J>,I>1,NCR)*J>1,NCX>« 
3((DC(I.J).I"l»NCRt»J»l»NCU) 
IF(IFLAG.NE.O) GO TO 102 
WRlTE(9tll2) 

112  FORMAT(IX21HC0NTINU0US QUADRUPLES) 
103 CONTINUE 

CALL MfRS(AC,NCX,NCX»NCX,NCXtTt*HAC 
CALL MPRS(BC.NCX.NCU.NCX.NCU»T.4H8C 
CALL MPRSlCC,NCR»NCX»NCR,NCXiT,4HCC 
CALL MPRS(DC«NCR*NCUtNCR»NCU«T,4HDC 
CALL MPRS(AP.NPX»NPX*NPX.NPX.T,4HAP 
CALL MPRS(qPtNPXtNPU,NPX,NPU(Tt4HBP 
CALL NPRSlCPtNPRiNPXtNPR.NPX.T.^HCP 
CALL MPRS(DP«NPR,NPU»NPR,NPU»T,4HDP 
GO TO 104 

102 WRITE (9.111) 
111   F0RMAT(1X1<?HDIGITAL 

GO TO 103 
104  CONTINUE 

NX « NCX ♦ NPX 

QUADRUPLES) 

Figure 121.   Program Listing for Overall System Equations 
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SUBROUTIME     SINK 

60 

65 

70 

75 

80 

85 

90 

95 

100 

105 

110 

115 

100 
c 

NY  B NCR  ♦ NCU  *  Ni>ft 
RETURN 
CONTINUE 

NPU 

C COMPUTE  OIFTERENTUL  EQUATIONS 
C 
C PLANT DYNAMICS 

00 203 I-ltNPX 
II - I 
vdn ■ o.o 
DO 202 J-l.NPU 

202 Vdl» ■ V(II) ♦ BP(I.J) • UP<J) 
DO 203 J>1»NPX 

203 V(II) • Vdl» * AP(I.J) • XP(J) 
C CONTROL DYNAMICS 

DO 201 lalfNCX 
II ■ I ♦ NPX 
V(II> > 0.0 
DO 200 J>ltNCU 

200 vni) • v(ii) * ec(i»j) • uc(j) 
00 201 J-l.NCX 

201 V(II) » Vdl) ♦ ACdtJ> • XC<J) 
C 
C COMPUTE OUTPUT EQUATION 
C 
C PLANT OUTPUTS 

DO 213  IMiNPR 
II » I ♦ NX 
Vdl) > 0.0 
00 212 J-l.NPX 

212 Vdl» - Vdl) * CPd.J) «XPU) 
00 213 J-l.NPU 

213 V(in • V(II> ♦ DPd»J)*UPU) 
C CONTROL OUTPUTS 

00 211  IM »NCR 
II » I ♦ NX ♦ NPR 
Vdl) ■ 0.0 
DO 210 J ■ l.NCX 

210 Vdl) « Vdl) ♦ CCdtJ)»XC(J) 
DO 211  J«1»NCU 

211 vein • vdi> * ocd*j)*uc(j> c 
C INTERCONNECTION EQUATIONS 
C 
C PLANT INPUTS 

V(32) ■ RC(1) 
ir(MODE.EO.l) V(32) ■ U(2) 
V(33) ■ U(3) 

C CONTROL INPUTS 
V(34) ■ Ud) 
V(35) « RP(2) 
V(36> a RPd) 

C 
C r-4 SYSTEM OUTPUTS 
_C  

V(37) « RP(!) 
V(38) ■ PP(2) 
V(39) > »crn 
RETURN 
END 

Fig^e 12!.    pr0gram Uptlag for 0veraU 3^^ E(iuations ^^^^ 
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Stability and Frequency Response Performance 

Parametric analysis by software was carried out to relate the poles and the 
frequency response of the F-4 longitudinal control system to the sample time 
of the controller. 

The following parameter set was used: 

Sample time:   0.  1/1000,  1/160. 1/80, 1/40. 1/20 sec 

Coefficient word length:   24 bits 

Figures 122 and 123 show the sample time root locus in image s-plane and 
in the z-plane.   Only closed loop vehicle poles (rigid body and three bending 
modes) are illustrated.    The computer output of the closed loop poles ape 
given in Figures 124 through 129. 

Table 12 shows the phase margin as a function of sample time at the first gain 
crossing (rigid body margin).   Tables 13, 14 and 15 show the gain margins at 
1st. 2nd and 3rd phase crossings respectively.   The computer output of the 
margins for sample times T = 0. 1/160,  1/80, and 1/40 sec are presented in 
Figures 130 through 133 respectively. 

Figure 134 shows the frequency table of the F-4 open loop control system for 
T = 0, 1/160.  1/80 and 1/40 sec.   The bode plots of the F-4 open loop system 
are given in Figures 135 through 142.   In Figures 142a and 142b the bode plots 
of the F-4 open loop system are overlayed. 

Frequency ratios were computed and are displayed in Table 16 .   The frequency 
ratio is defined as follows: 

P ^ 
üü. 

BSL 
Oii 

(406) 

where 

uu      = Nyquist frequency = 7f = rad/sec 

T      = Sample time 

uu.    = Frequency of interest in the frequency response (rad/sec) 

In terms of frequencies. Equation (406) can be written as: 

fs-2pfi (407) 

214 

■ - - --    ■-       rimimä   ■ '- -  1 1 J—  -——*****-** 



^HBN 

where 

f   = Sampling frequency (samples/second) 
9 

f.  = Frequency of Interest in the frequency response (cycle/second) 

For finite bandwidth systems (fictitious) of bandwidth wi the shape of the 
frequency response is retained if p = 1. 

In the following we define a criteria for retaining the shape of the frequency 
response of continuous systems when it is discretized. 

Frequency response shape invariance criteria is said to be satisfied if the 
deterioration in phase margin at rigid body crossover frequency does not 
exceed a prescribed value (3 degrees assumed here) and the attenuation, at 
the bending frequencies is not less than a prescribed value (6 db assumed here). 

For actual systems, p = 1 is not sufficient to satisfy the frequency response 
shape invariance criteria for the frequency of interest w..   Table 16 and Fig- 
ures 135 through 142 show thac p = 2 is satisfactory for this purpose.   Using 
this value and Equation (407), the sampling rate for the F-4 system becomes 
fs = 100 samples/second, for the longitudinal channel.   In terms of the sample 
time root locus in the z-plane (Figure 123) this means that the frequency 
response shape invariance criteria is satisfied if the significant modes of the 
system (z = x + iy) lies in the first quadrant of the z-plane.   That is 

(Dj T «.fl/2 

In this case, for t«. = 160 rad/sec 

T ** -. 01 sec. (408) 

This result will be referred to as the "1st quadrant rule". 

The following conclusions can be drawn from this parametric study: 

• Sample time root locus in the image s-plane (Figure. 122) shows that 
the damping of the rigid body and 1st bending modes are increased 
for sample times 0 <T ^ 1/80 sec.  The second and third bending 
mode dampings are decreased for sample times 0 <T ^ i/80 sec. 

• The phase margin as a function of sample time for the first gain 
crossing frequency (rigid body) shows that (see Table 12) a loss of 
4 degrees occur for T = 1/80 sec. sample time.   Note that the sub- 
system approach predicted the same loss for this crossing (see 
Figure 92 of previous section). 

• Second bending mode gain margin is reduced as sample time is i 
increased.    It becomes less than 6 db at T = 1/80 sec (see Table 14). 
To maintain a minimum of 6 db gain margin the sample time should"^ 
less than or equal to T = 1/100 sec. 
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Figure 122.   Sample Time Root Locus in the Image s-Plane 
(Closed Loop F-4) 
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Figure 125.   Closed Loop Overall System Poles (T = 1/1000 sec) 
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Figure 126.   Closed Loop Overall System Poles (T ■ 1/160 sec) 
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Figure 127.   Closed Loop Overall System Poles (T « 1/80 sec) 
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.lOOOOOOOf'Ol 0. 
,99937918E.OO 0. 

Figure 128.   Closed Loop Overall System Poles (T » 1/40 sec) 
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Figure 129.   Closed Loop Overall System Poles (T = 1/20 sec) 
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Table 12,    Phase Margin vs. Sample Time (First Crossing) 

Sample T 
T (sec) 

ime 
First Gain 
Crossover 

(t,) (rad/sec) 
Phase Marg 

(deg) 
in 

Loss of 
Phase Margin 

(deg) 

0 9.97 74.70 0 

1/160 9.97 72.62 2.08 

1/80 9. 97 70.87 3.83 

1/40 9.96 67.38 7.32 

Table 13.    Gain Margin vs.  Sample Time (First Crossing) 

Sample T 
T (sec) 

ime 
First 
over 

Si 

Phase Cross- 
Frequency 

) (rad/sec) 
Gain M; 

(db) 
rg in G 

Loss of 
ain Margin 

(db) 

0 3 5. 465 14.04 0 

1/160 33.87 13.49 0.55 

1/80 32.35 12.99 1.05 

1/40 28.20 11.60 2.44 

Table 14.   Gain Margin vs.  Sample Time (Second Crossing) 

Sample T 
T (sec) 

ime 
Second Phase 

Crossover 
(x'02) (rad/sec) 

96.91 

Gain Ma 
(db) 

^g in G 
Loss of 

ain Margin 
(db) 

0 11.17 0 

1/160 97.21 9.43 1.74 

1/80 97.61 5. 96* 5.21 

1/40 80.38 

93.36 

6. 56 

5. 29 

5.61 

5. 88 

Less than 6 db 
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Table 15.    Gain Margin vs.   Sample Time (Third Crossing) 

Sample T 
T (sec) 

ime 
Third Phase 
Crossover 

i'Vfry} (rad/sec) 

inr). 2 

G a in Marg 
(db) 

In 
Loss of 

Gain Margin 
(db) 

0 •5 2. TA 0 

1/160 17!;. 2 2.1. i;; 7.2.) 

1 /HO KJi. nn in. 12 1 ;■!. (i 1 

1/40 1 53. 0 

171.0 

224. 0 

12. [\ 

U. 1 

2». US 

20.43 

21,G3 

Less than G db 
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F1356310 rREOUENCY RESPONSE 

(OUTPUT  3/INPUT ?) 
RAIN CROSS OVFR= q.QftOl     kAO/SEC . PHASE=  70.870 
0. »HASE CROSS OVFR= 3?.353 RAO/SEC c . RAIN« -i2.9R9 
IRO .00 PHASF CPOSS OVFR= flO.S7S RAn/SEC < . GAIN= -21.511 

0. PHASE CPOSS OVERr 97,61* RAO/SEC ' . GAIN» -S.9630 \ 
180 .00 PHASE CROSS OVFR= 131.30 RAO/SEC i . GAIN» -20.525 

0. PHASE CROSS OVER= 1M.65 RAO/SEC < . GAIN» -19.121 
1«0, .00 PHASE CROSS OvrRr ?U.50 RAn/SEC ( . GAIN» -48.839 
lflO( .on PHASE CROSS OVFRr asfl.in RAO/SEC < ■ GAIN= -75.405 
IflO, .00 DHASF CROSS OVFR= 3R8.1R RAn/SEC > . GAIN» -48.828 

0. PHASE CROSS OVrR= 339.6«. RAO/SFC < • GAIN» -2l.c>71 
1HO .00 PHASE CROSS OVfRr 371.55 RAn/SEC . . GAIN» -20.104 

0. PHASE CROSS OVER= 409.OB RAn/SEC < . GAIN» -16.411 
1R0, ,00 PHASE CROSS OVFSr 4?8.?? RAn/SEC i . RAIN» -24.446 

0. PHäS^ CROSS OVrRr >*f>b.<i? RAO/SEC i . GAIN» -14.24fl 
RAIN CROSS OV/EP = 4Q1.7<}     ^AD/SEC . PHASE= -68.853 
GAIN CROSS OVrRs SI).?«»     kAD/SEC . PHASE= -43.328 
0. PHASE CROSS OVR = 509.45 RAn/SEC t . GAIN» 1.2293 
ß. PHASE CROSS OVPRr 538.19 RAO/SEC ( . GAIN» -14.154 
0. PMASF CROSS OvrRr '»SI.19 RAn/SEC < , GAIN» -?0.102 
n. PHASE CROSS OVFR= 6B0.67 RAn/SEC < . RAIN» -29.93H 
ino, ,0" PMASF CROSS OVFR= 717.5? RAn/SEC i . GAIN= -48,867 
1«0, .00 PHASE CROSS OVFR= 730.R5 RAn/SEC . >   GAIN» -55.7^8 
ino, ,00 PHASF CROSS OVFR= 790.78 RAn/SEC . GAIN» -49.623 

0. PHASE CROSS OVPR= 868.IS RAn/SEC « GAIN« -21.130 
n. DMACF CPOSS OVrRr 931.6S RAn/SEC « ■ RAIN» -15.-SI 

Figare 132.   F-4 Control System Open Loop Frequency ReaponHo 
(T = 1/80 sec) 
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pi 

F\US*U]0 fsl/fcO n. L. '10 HOLH ( RE: UFNCY R 

(OUTPUT  3/INPüT ?) 
r,4iM i-JOSS n\/c»= q.osmo PAO/SEC . 3H4SE-  67.376 
0. DM4SF fpnss ovrP= ?«.1RS PAn/SEC GAINr -11.5P4 

". OHfiSF ruo^s nvFw- fln.380 HAT/SEC GAIN = -6.S77I 
0. PHASE CPOSS OV/FWT ^3.3S6 RAn/SEC G*IN = -S.2<)13 
1<»0 .00 = MASF CROSS OVFR- 104.63 RAO/SEC C,AIN = -1?.<»?7 
1«0 .00 PMASF CRnss ovFR: 1??.S-) RAO/SEC GAIN = -4?.164 
1«0 .on PHASF CPOSS OVFW- US.PO RAn/SFC C,A1M = -13.406 

1. DuftSF rPo<;s ovF^r 1S,',P? PAn/SFC C,AIN = -3.fl3P7 
1. DHASF rposs nv^Pr 171.13 PAn/SEC C>AIN = -12.334 
0. PHASF CROSS OVrB: ??<..! 2 RAn/SEC GAIN = -11.130 

r,4iN rROSS OVFP = ".o.ns RAO/SEC . 0HASE= -f>?.33P 
r,MN rMOSS OVF« = 'M .«fl RAO/SFC . PHASE-  <t<.,4<»l 

". DufiSF CPoss nvw- ?s^.ns RAn/SFf C,MN = 11.m 
n. DM4SF CPOSS nwtp= ?H?.3H RAn/SEC GAIN = -12.668 
0. DMASF rDOSS OVFM- 3f.n.?l RAn/SEC ■ GAIN= -lfto360 
1«0 . n.i PMASF CPO=S OVFP- 36ft.OR RAO/SEC . GAIN= -26.106 

0. = WASF CPOSS OVcR= 4?«.5'» RAn/SEC GAIN= -26.96^ 
0. DM4SF CROSS OVFR: 46S.5<. RAn/SEC 6AIN= -15.341 

OAfN rues Ovr» = <.OI.P<« PAD/SFC • OHASE- -64.RU 
'■.APJ rPOSS OVFP = sn.'S PAD/SEC • PHASE" -46.876 
f>. P^ASr CRO^S OvrP- S0O.1H PAn/SEC . GAIN= I.378S 
0. PMASF CROSS OWF«- ^■«R.B6 RAn/SEC . GAIN« -IS.«'.7 
0. PMASr CPOSS OVFH: 6fth.fil RAn/SEC < GAIN« -2':>.0SS 

GAIN rwoss nvFP = 7S^.l^ :'AD/SEC « PHASEr  114 ,f>9 
r,ÄlS -woss OVFP = 7frn.77 PAO/SEC • PHASE-  114 • OR 
n. DHASf CROSS OVFK- 7hP.3ft RAn/SFC i GAIN= -4.3443 
ion .00 PHASF CPOSS OVFWT HSl.M RAn/SEC . GAIN= -J<>.«06 

n. PHASF CROSS OWFRr HOft.7b RAn/SEC . GAIN= -?2.16S 
o. PHASF CROSS OWFPr V40.9'« RAn/SEC • GAIN= -16.47) 

Figure 133. F-4 Control System Open Loop Frequency Response 
(T = 1/40 sec) 
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• WPi.M.U  .».i..  .. 

Gust Response Ratio Performance 

The overall closed loop F-4 longitudinal control system model is utilized to 
develop the state and output variance to a gust input.   Variances are com- 
puted with the continuous controller first, and then with digital controllers at 
sample times of T ■ 1/1000. 1/160, 1/80, 1/40 and 1/20 second with the 
"continuous gust input".   The gust was represented by a filtered white noise. 
A first order filter with bandwidth of 46 rad/sec was used. 

The namelist of the overall system states, outputs and inputs are given in 
Figure 143 to facilitate the reading of Table 17.   The variance ratios for the 
vehicle states as functions of sample times are plotted in Figure 144, and 
tabulated in Table 17.    Figures 145 through 149 show the computer outputs 
for sample times of T - 1/1000,  1/160,  1/80,  1/40 and 1/20 sec. respectively. 
Variances corresponding to the 28 states and the 3 outputs given in Figure 
143 are printed out.   Also variance ratios are computed in per unit and in db. 

The following conclusions can be drawn from the variance response ratio * 
peirformance evaluation: 

•     For the vehicle modes sufficiently away from the half sampling 
frequency, the variance response ratio shows monotonicaUy 
increasing behavior for increased sample times, 
responses for all T * 1/160, in Figure 144.) 

(See ,2 and 

For the vehicle modes close to, or greater than, one-half the sampling 
frequency, the sampled variance response ratio shows an increasing 
envelope and alternating behaviour.    For these cases, the sampled 
response may not be sufficient to see the peaks of variance, and the 
intersample variance response should be evaluated. 

Sample time T = 1/1000 sec is used to verify the continuous and discrete 
models.   For this small sample time, continuous and discrete models 
produce practically the same variance.   Note that the variances of 
digital controller states do not correspond to the variances of continuous 
states, because under the Tustin transform the continuous system state 
and digital system state are not the same (see Section III).   However, 
the output of the controllers must agree (response r(3) for T= 0 sec and 
T = 1/1000 sec), and they do. 

To keep the bending-modes displacement and displacement rate rms values 
within a 125 percent envelope, a sample time of T = 1/100 sec. is needed. 

For a short period mode, the T = 1/20 sec. sample time is sufficient. 
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Figure 146.   Variance Response Ratios for Sample Time T = 1/160 sec 
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Figure 147.   Variance Response Ratios for Sample Time T « 1/80 sec 
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Figure 148.   Variance Response Ratios for Sample Time T = 1/40 sec 
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Figvire 149.   Variance Response Ratios for Sample Time T = 1/20 sec 
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Effects of Computational Time Delay on Longitudinal 
Control System Stability 

A reduced model was developed for the parametric study of computational 
time delay effects.   In this model the actuator and gust dynamics are 
modified (a third order actuator and a second order gust filter).   The same 
model is used in the simulation tests.    The overall closed loop parametric 
system quadruples were developed for stability analysis.   The modeling 
details are fulh' presented in Appendix C.    The following set of computational 
delays was used for parametric study: 

Td = 0, T/4. T/2, T sec. 

The sample time was fixed at T = 1/40 sec. 

The effect of computational delay is studied by computing the poles and zeros 
of the overall closed loop system.   Figures 150 and 151 show the time delay 
root locus of overall closed loop system in the z-plane and in the image 
s-plane respectively.   Figures 152 through 155 show the system quadruples 
corresponding to Tj = 0, T/4, T/2 and T sec, respectively.   Figure 156 
shows the system closed loop quadruple with Tjj = 0 and obtained using SIMK 
subroutine to verify the results of HSIMK subroutine which models the time 
delay into the system (see Appendix C).   Figures 157 through 160 show the 
poles of the model for these delay times. 

The following conclusions can be drawn: 

• The first bending mode stability is greatly affected by a delay. 
At one sample delay the real part of the 1st bending mode is 
reduced from two to one in the image s-plane. 

• The rigid body and the second bending mode dampings are increased 
up to the half-sample time delay.   The trend is changed, however, for 
sample times greater than half-sample time delay. 

• Computational time delays should be less than one-fourth the 
sample time to maintain adequate bending mode stability. 
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Figure 152.   Closed Loop Overall System Quadruple Using HSIMK for Sample 
Time T = 1/40 sec.,  and Time Delay T, = 0 
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Figure 152.   Closed Loop Overall System Quadruple Using HSIMK for Sample 
Time T = 1/40 sec., and Time Delay ^ = 0 (Concluded) 
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Figure 153.   Closed Loop Overall System Quadruple Using HSIMK for Sample 
Time T = 1/40 sec., and Time Delay T, = T/4 
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Figure 153.   Closed Loop Overall System Quadruple Using HSIMK for Sample 
Time T ^ 1/40 sec.,  and Time Delay Td = T/4  (Concluded) 
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Figure 154. Closed Loop Overall System Quadruple Using HSIMK for Sample 
Time T = 1/40 sec. and Time Delay Td » T/2 
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Figure 15t.   Closed Loop Overall System Quadruple Using HSIMK for Sample 
Time T = 1/40 sec.. and Time Delay Td « T/2 (Concluded) 
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Figure 155.   Closed Loop Overall System Quadruple Using HSIMK for Sample 
Time T = l/40 sec.,  and Time Delay Td = T 
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Figure 155. Closed Loop Overall System Quadruple Using HSIMK for Sample 
Time T = 1/40 sec.,  and Time Delay T, = T  (Continued) 
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Figure 155.   Closed Loop Overall System Quadruple Using HSIMK for Sample 
Time T = 1/40 sec., and Time Delay Td = T (Concluded) 
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Figure 156.   Closed Loop Overall System Quadruple Using SIMK for Sample 
Time T = 1/40 sec..  aud Time Delay 1H = 0 
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Figure 156.   Closed Loop Overall System Quadruple Using SIMK for Sample 
Time T = 1/40 sec., and Time Delay T. ■ 0 (Continued) 
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Figure 156.   Closed Loop Overall System Quadruple Using SIMK for Sample 
Time T = 1/40 sec., and Time Delay T, = 0  (Concluded) 
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Figure 159.    Poles of the Overall Closed Loop System for Sample Time T »1/40 sec 
and Time Delay T, = T/2 
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Figure 160.   f^.^^eraU Closed Loop System for Sample Time T =1/40 sec 
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SECTION V! 

CONCLUSIONS AND RECOMMENDATIONS 

The objective cf this study were threefold:   1) development of theoretical 
analyses and mathematical models for digital flight control systems,   2) 
development and documentation of computer analysis programs, and 3) demon- 
stration of their use by a detailed parametric study for computational require- 
ments.   The major emphasis has been on analysis and software development. 

These objectives were primarily met.   The analyses and model developments 
as well as testing and demonstration of their use including the parametric 
study are documented in this report.   The developed programs have been docu- 
mented in AFFDL-TR-73-119, Volume II.   The parametric study was con- 
ducted on a representative tactical fighter-bomber aircraft, the F-4. 

In the following, the results and recommendations for future studies pertaining 
to the work in thr area of analysis and synthesis and software development are 
presented. 

SIGNIFICANT RESULTS 

• The work reported here established the total dynamic system approach 
to the analysis of the digital flight control problem. 

• The chief benefit of the program is to provide software for rapid evalua- 
tion of system performance. 

• A sufficiency rule for sample rate selection is developed (the first 
quadrant rule). 

Requirements for digital computation of control laws are established for sys- 
tems with bandwidths of 6, 12, 20, and 25 Hz.   Future growth for control 
configured vehicles requires this broad bandwidth closed loop controllability. 

Table 18 shows sufficient sample rate requirements as functions of system 
bandwidths using this rule. 

Sufficient coefficient word length requirement of 16 bits is established for a 
digital controllei.   Maximum allowable computational delay is established to 
be less than one-fourth the sample time. 
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Table 18.   Sufficient Sample Rate Requirements vs. Bandwidth 

Significant Mode in Vehicle Sufficient Sample Rate 
(Hz) (rad/sec) (samples/second) 

6 37.5 25 

12 75 50 
20 125 80 

25 160 100 

RECOMMENDATIONS FOR FUTURE ANALYSIS WORK 

• For large sample times the response model at sample times is not 
sufficient to assess the performance.   The intersample performance is 
needed. 

• Development of average performance measures is needed for systems 
with large sample times.   Phase and gain margins and frequency 
responses have to be carefully defined since a digital control system is 
essentially a time varying system with periodic coefficients, and for 
large sample times the response to a sinusoidal input is periodic but not 
necessarily sinusoidal. 

• Loop breaking (one at a time) for the phase and gain margin analysis 
should be put on a good foundation for multiloop systems. 

RECOMMENDATIONS FOR FUTURE SOFTWARE 
DEVELOPMENT WORK 

• The existing analysis and corresponding DIGIKON programs should 
be extended to include the methodology of direct digital design. 

• An image w-plane (i.e. ,  z-plane) root calculation capability should 
be added to DIGIKON. 

• Intersample modeling for frequency response should be developed. 

• A hybrid transfer function capability should be added to the DIGIKON 
frequency response program.   This would allow the computation of 
frequency response for a hybrid system consisting of both continuous 
and digital quadruples. 

• A composite input capability [see Equation (320)] should be added 
to the DIGIKON frequency response program. 
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CONCLUSIONS 

A larg-L-scale system software for the analysis of digital flight control systems 
is developed in this study.   The programs which implement the theoretical 
models are documented with the user in mind.   A parametric study was per- 
formed on a typical tactical fighter aircraft, the F-4, to determine computa- 
tional requirements. 
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APPENDIX A 

SIMKTC -- MODEL FOR F-4 CONTROLLER VIA TRANSFER 
FUNCTION INPUT 

The F-4 longitudinal controller presented in the fly-by-wire report AFFDL-TR 

71-20, Supplement 2,  is used in the following as a demonstration example for 
the quadruple generation via transfer function input. 

Figure Al shows the controller transfer function block diagram.    Figure A2 

shows controller "data" block diagram as well as input and output variables. 

There are six subsystems.   Each subsystem is of first order, except sub- 

system 2 which is of second order.   The equations describing this system are 

given below.   These equations are implemented in subroutine SIMKTC.    Figure 
A3 shows its program listing. 

x(N) = A(n)x(n) + B(n) u.(n) n= 1.2.  .... 6 (A1) 

rjCN) = C(n) x(n) + D(n) u.(n) n = I. 2 6 
(A2) 

Ujd) = r.(2) 
(A3) 

V2) = V3' (A4) 
u.(3) = r.(4) 

ui<4)=KvKFr-Kcs ^(5)^^(3) ^.(6)] 

u.(5) = 2 u(l) 

u.(6) = u(2) 

(A5) 

(A6) 

(A 7) 

(A8) 

r(l) = ^(1) 
(A9) 

Preceding page blank     205 
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SUMOUTINC SINKTC 
COMMON V(«l)*M(70)tNXtNYtNA«NU»IMIT*irLA0fMOOCtri41t70l»T«IFC 
C0MM0N/S3/X00T(}*10)«XO»lt)*MIOtl0ltUIOtl0lfUI7)tNNXa«l» 

lNNff(lf)tNNU(lt)tMMAXtISOtISOMAX»TPS«I^RIMT 
COMMON/TF/      AT(3»3t6)»BT<3*l*6)»CTIlt3ti)*0T(l*lt6)»NtMI 
lMT(3»3)tHS<2t3t6) 
DIMENSION RCII 
REAL KV«KF*KCSfKO*KNZ 

C 
C INITIALIZE 

iFdNIT.NE.O) 00 TO 100 
READ (St MO) K¥*KNZtKOtKCS 

MO  FORMAT (10P8. 3) 
CALL OAlNTAB(IFCtKF) 
WRITE(9t765) KVtKNZ»KOtKCS*KF 

76S  *,0RMAT(lX*3HKV«vEI2.5t«MKNZ«tE12.S*3NKO««E12.S*AMKCSB»E12.S* 
1 3MKF-.ElZ.5l 
READIStlOll MMAX.(MNX(N».N«I»NMAX» 

101 FORMAT(IZ*10IZ) 
NX-O 
00 102 N»1»NMAX 
NX«NX«NNX(N) 
NNU(N)B1 

102 NNR(N)«1 
NRal 
NU«3 
NY«12 

C READ IN HS MATRICES 
DO 600 N-l.NMAX 
NN1«NNX(N}*| 
READ 15.601) <(HS(I»J»N).IB1.2).J«1*NN1) 

601  F0RMAT<5EU.8) 
600  CONTINUE 
C RRINT HS MATRICES 

DO 250 N.l.NMAX 
WRITE(9.M3) N 

M3  FORMAT(lX.3HHS(tI2>lH)) 
NN1«NNX(N)«1 
DO 402 1-1.2 
DO 402 J-1.NN1 

M2  MINT(I.J)»HS(I.J«NI) 
CALL MPRS<PRINT.3.3.2.NN1.0.4M   ) 

C COMPUTE QUADRUPLES FOR ALL BLOCKS 
CALL TRANSK 

250  CONTINUE 
RETURN 

100  CONTINUE 
1 IM 

C COMPUTE  SUBSYSTEM STATES    XOOT(N)MN*XN ♦BN«UN 
DO 251  N.l.NMAX 
NX«NNX(N) 
DO  200   I-l.MX 
II-IIM 
VIIIIM.O 
NUK-NNUfNN) 

Figure A3.   Program Liating for Subroutine SIMTC 
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1 

00201 J-|tMUX 
201   V(II)«V(II)*BT(I«J«N)*unJ*N» 

DO 200 J.l.MX 
200   V(II>«VfII)*AT(ItJ*N)*XfJ«N» 
251   COMTINUK 
C COMPUTE INTERNAL OUTPUTS RlN«CN*XN*ON»UN 

DO 350 N-l.NMAX 
MX«NNP(N) 
DO 300 I-lfMX 
II-IIM 
V(II)«0.0 
KXlaNNX(N) 
DO 301 J«1*MX1 

301   V(II)-V(II>«CT(I*JtN)*X(JtN) 
NX1«NNU(N) 
DO 300 J«1»NX1 

309  VII!)*V(II>*0T(I.J»N)*UI(JtN) 
350  CONTINUE 
C INTERCONNECTION EQUATIONS 

V(1*)»RI(1,2> 
V(15)«RI(lt3) 
V(16)«RI(1*4) 
VC17)»KV»Kr»l(-2,»XCS»»Rl(lf5>»KO»Ul3MKNZ»Rl(lt6n 

V(19)aU(2) 
C EXTERNAL RESPONSE 

V(20l«ftl(l>l) 
RETURN 
ENO 

Figure A3.   Program Listing for Subroutine SIMTC (Concluded) 
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The subsystem quadruples  A(n), B(n), C(n), D(n) for n ■ 1, 2, .... 6 »re 
generated by the subroutine TRANSK, using transfer function input data. 
Equations (A3) through (A9) are called the interconnection equations.   They 
can be replaced by Equations (A10) and (All) if the system interconnection 
is specified by the interconnection quadruple (PC, QC, RC, SC). 

u.(N) = P r.(n) +Q u.(n) 

R(l) = Rc r.fn) + S^.fa) 

n 1«  • •. j 6 (A 10) 

(All) 

These can be implemented as shown in Figure A4.   The nonzero elements 
of the interconnection quadruple for this example are as follows. 

Pc(l,2) = 1 

Pc(2, 3) = 1 

Pc(3,4) = 1 

P  (4, 5) = K K^ (-2) K c v  F cs 
P  (4. 6) = K K,, K c v  F    nz 

Qc(4. 3) - K^^ 

Qc(5, 1) = 1 

Qc(6,2) = 1 

Rc(i. 1) = 1 

The output of Subroutine SIMKTC was compared with the output of Subroutine 
SIMKC.   Complete agreement was noted.    The interconnection quadruple version 
of SIMKTC was not implemented in the DIGIKON system. 

Complete documentation of SIMKC and SIMKTC are given in Volume II of this 
report. 
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C      INTERNAL INPUTS 

II = NX + NMAX 

DO 400 I = 1, NMAX 

II = II + 1 

V(n) = 0 

DO 401 J = l, NU 

401      V (II)   =   V (II) + QC (I. J) * U(J) 

DO 400 J = 1. NMAX 

400      V (II) - V (II) + PC (I. J) * RI (l.J) 

C      EXTERNAL RESPONSE 

DO 500 I = 1, NR 

II = II + I 

V (ID = 0 

DO 501 J = 1, NU 

501    v (ii) = v (in + sc a. j) * u m 
DO 500 J = I, NMAX 

500      V (II) = V (II) + RC (I, J) * RI (l.J) 

Figure A4.   Interconnection Equations Via Interconnection Quadruple 
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APPENDIX B 

STATE MATRIX APPROACH TO ROUND-OFF NOISE ANALYSIS 
OF DIGITAL FILTERS 

ABSTRACT 

Methods for round-off noise analysis of digital filters are briefly presented. 
Results of modern control theory are applied to this problem by viewing 
digital filter as a discrete-time system and treating fine quantization as a 
random noise driver, acting at various points. 

The structural sensitivity of the output noise to various realization schemes 
is briefly discussed for efficient digital filter mechanization. 

The state matrix technique presented here facilitates the noise investigations 
of digital filters used in open or closed loop operations by a digital computer. 

This technique is straightforward and can be used in a paper and pencil analysis. 

I.   INTRODUCTION 

The advent of integrated circuit technology has greatly increased the 
possibility of constructing digital micro-processors thai can compete with 
analog hardware in control and communication systems relative to economy, 

size and reliability considerations. 

A linear digital filter is a discrete-time system.   Its transfer function is 
implemented either by programming on a digital computer or by realizing 
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it as a digital network.   Emphasis is given here to the design of special pur- 
pose hardware to realize a digital filter as a system component (i. e., micro- 

processor). 

In performing the hardware design there is great flexibility available.   The 
designer must specify not only the sampling rate to be used but also the 
number of bits to be used to represent the signal.to represent the filter 
coefficients and to be used in the product accumulation, type of arithmetic to 
bo used and the procedure for rounding or truncating the results of arithmetic 
operations.    All these design parameters have a direct effect on the noise 
sensitivities and complexity of the filter mechanization. 

Several numerical problems can arise in the design and utilization of digital 
filters. 

Computatioral errors (i.e.. digital noise) are introduced within the filter 
due to (i) truncation of filter coefficients, (ii) quantization of input data, and 
(iii) rounding-off the result of multiplications (Refs. 1-4). 

In this work, a method is presented for the analysis of errors due to quanti- 
zation and round-off by using the State Matrix approach. 

Fine quantization or rounding may be treated as additive random noise 
(Ref. 5),   Such additive noise is nearly white, with a mean-squared value of 
q /12 and mean zero, where q is the quantization level.   The main problem of 
the analysis is the development of an expression for the mean-squared output 
of an arbitrary filter excited by a white noise source entering Into the various 
points of the fUter (i. e., after quantizers and multipliers).   There are two 
points of major interest in the analysisrd) investigation of the transient behavior 
of the mean-squared v^lue of output noise over a discrete-time Interval, (ii) 
determining the steady-state mean-squared value of output noise, when it exists. 
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The first case is of prsctical interest when the noise built-up in digital 

resonators and sine-wave generators are studied.   The second case is of 

practical interest for determining the steady-state performance of asymptoti- 
cally stable filters. 

The realization of digital filters is discussed in Section 2. A Realization Theor- 

em is stated for establishing equivalence between a digital system and its ideal 

implementation.   Frobenius Input.  Frobenius Output and Jordan Systems arc 

illustrated realizing the same transfer function.   In Section 3,   methods for 

noise response analysis of the various realizations are discussed. 

2.    REALIZATION AND STATE VECTOR ASSOCIATION 
OF DIGITAL FILTERS 

The essence of the realization is this:   given a discrete time system L. 

characterized by, say. an input-output relation of the form 

EKz) y   •   N(z) u (Bl) 

where 

D(z)   ■   aQ+ajZ-^ ....+anz'n 

N{z)   «   b0+b1z"l+....+bnz''n 

are difference operators, one constructs an equivalent system Lg in the 

form of an interconnection of adders, scalors. and delayers» 

L2 is said to be equivalent to L. if (i) Lj and Lg are zero-state equivalent, and 

(ü) L. and L, are zero-input equivalent.   When these conditions are fulfilled. 

L« is also said to be a realization of L..   The establishment of the equivalence 

between Lj and L2 is facilitated by the following Realization Theorem: 
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"Let L. be a discrete-time system of order n, characterised by an input-output 

relation of the form 

D(z) y   ■  N(z) u 

in which the polynomials DU) and N(z) do not have common factors.   Let L2 

be an interconnection of scalors, adders, and delayers which is sero-state 
equivalent to L, and which contains exactly n delayers.   Then Lg « equivalent 
toLj." 

Now consider a discrete-time system L. characterized by Equation (Bl).   If 

D(z) and N(z) have no factors in common, one can construct Lg simply by 

synthesizing the transfer function 

H(z) NU) 

through the usual techniques of circuit theory (which yields a system that is 
zero-state equivalent to Lj),   Subsequently, one invokes the realization 
theorem to establish that L2 is equivalent to L,.   Then one associates a state 
vector x(kT) with L2 by assigning a component of x(kT) to the output of each 
delayor.   Since L^ and Lg are equivalent systems, x(kT) qualifies as a state 
vector for Lj and the state equations of L« may also be regarded as being the 
state equations of L.. 

In the following, realization techniques will be applied to digital filters for 
purpose of illustration: 
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2.1   Discrete-Time Systems Without Numerator Dynamics 

These types of systems are characterized by the transfer function 

LjS H(z)   ■ 
a^z •1+...+a_z-n        0 

(B2) 

n 

It is easy to verify that the network L, shown in Figure Bl has the same 
transfer function and hence is zero-state equivalent to L.. 

u(k) HJ x^k) 

y(k) 

Figure Bl.   Realization of 
ap + ajz" +.. •+v -n as an Input' 

Frobenius System 

Furthermore, L, has exactly n delayers.   Therefore, by the realization 
Theorem, L« is equivalent to L..   Now a statt- vector x(kT) can be associated 
with L« by assigning a component of x(kT) to the output of each delayer.   Thr 

defining relations for x(kT) are: 

XjUT)   -  yC(k-n)T] 

x(kT)   ■  yC(k-l)T] n 

(B3) 

296 

         --—  ■■- - _„—^^-^MMMMiM^IMPMM MtaMutaMMMMM 



'i,i|iii.j.ii WBWWP " . "HI...i    llp|W.I!.IWin 
pmnnwvtK'PJwmwi.iTiiim 

L  ■■'""  ' '"•'    ..I. ,     i,    ,liia'wi:|M<V""'' 

An alternate realization of h, Is ahown in Figure B2. 

Figure B2.   Realization of 
a0 + alZ"1 + ,,,+anZ"n 

as an Output- 

Frobenius System 

The defining relations for x(kT) are: 

x^k+l) - a^k) + X2(k) (B4) 

-n-l(k+1) viy(k)+xn(k) 

xn(k+l)  -   - any(k) 

with 
y(k)  - i-CxjW+bQuCk)] (35) 

2. 2   Discrete Systems With Numerator Dynamics 

Let L1 be a discrete-time system with numerator dynamics characterized 
by the transfer function 
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bn+b1z"1+....+b z'n 

TT 
BQ+EJI    +. .,,+«nz 

(B6) 

Assume that the numerator and the denominator do not have common factors. 
Clearly the network shown in Figure B3 realizes this transfer function 
[ i. e., has transfer function H(z)]. 

-y(k) 

bQ + b.z'1*... +b z"n 

Figure B3.   Realization of   v     ■    i as an Output- 
aQ + ajz" +... +an«" 

Frobenius System 

Since L« has exactly n delayers, L« is equivalent to L..   An alternate 
realization of L. is shown in Figure B4. 

Figure B4.   Realization of   ■     * m^ 
bn + b^"1^... +bMz"n 

a 
a0 + ala    +"-+anz 

-n as an Input- 

Frobenius System 
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2. 3  Realization as a Jordan System 

Let L. be a discrete system characterized by the transfer function 

N(z)      
H(z) ^T r T 

(B7) 

(l+X^* )(1^2*    f""ll**-n
z    ) 

-1, in which, >-., 1 = 1,2,..., n are distinct and no (lA.z ) is a factor of N(z). 

Furthermore, let the partial-fraction expansion of the transfer function H(z) 

be r. r 
H(z) i—r-    +...+  - 

(1+x z'1) (l+xnz'I T, +d (B8) 

Then the system L« shown in Figure B5 is a realization of Lj and the vector 

x(kT) defined by its components 

Xjdc+l)  ■ x^k) x^k) + u(k). i«l. 2...n (B9) 

qualifies as a state vector for L. 

u(k) 

UJ4?i 
l-©J 

x.(k) 

Figure B5.    Realization of H(z) as a Jordan System 
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Case of Multiple-Poles -- Let L- be a discrete-time system character- 
ized by the input-output relation 

H(z) N(z) 

(l+X^'Y d^nZ'^.-.d+Xn«"1) 
(BIO) 

-1, in which Xj. X +1...., Xn are distinct and no (l-^.z-*), l«l, n+l nie 
a factor of N(z),   Furthermore, let the partial-fraction expansion of H(z) be 

(BID 

H(z) 
m  (1-^z-1/1 +...+ Jt±L 

<1^i2"1)      ^\HZ'1) 
+...+ n 

(i v -) 
+ d 

Then the system L. shown in Figure B6 is a realization of L. and the vector 
x B col (x .. .xj) components of which the outputs of the delayers qualified 
as a state vector for L.. 

Figure B6.    Realization of H(z) with Multiple Poles as a Jordan System 
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This finishes the discussion on the realization and state vector association 
of digital filters.   In the next section, methods will be given for analyzing 
the noise behavior of various realizations. 

3.   THE NOISE BEHAVIOR OF VARIOUS REALIZATIONS 

The least upper error bound of the maximum noise output Is developed In 
Reference 6.    Practically, this bound is very conservative and almost use- 
less.   An estimate of the mean square output noise of a digital filter is given 
in Reference 3, utilizing the maximum gain of the frequency response of its 
discrete transfer function.   In Reference 4 the mean square value of output 
noise is derived via the transfer function approach. 

In the following, first this approach Is briefly presented for completeness, 
then the state matrix technique Is developed.   Finally, the steps In the 
analysis are outlined for a notch filter. 

3.1   Development of Mean-Squared Response Equation 
via Transfer Function 

Let [w(kT)] be a noise sequence with known statistical properties applied to 
a digital filter,   Let H(z) be the transfer function between the output of the 
filter and the node where noise Is Injected, and y(kT) be the resulting output 
noise sequence as shown in Figure B7. 

w(kT) 
H(z) 

y(kT) 

Figure B7.   Random Noise Applied to a Filter 
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If the filter is initially at rest and the input noise w(kT) if zero for k < 0 then 
the output is given by the convolution sum 

y(kT) I 
m-o 

h(mT) w(kT-mT) (B12) 

where h(mT) is the inverse-z-transform of H(z) (i.e., impulse response). 
Squaring Equation (B12) yields 

or 

y2(kT) I 
m^o 

h(mT) w(kT-mT) 

IV 

I HIT) w(kT-tT) 

k        k 

)       \      WmT) hilT) w(kT-mT) w(kT-«.T) 

m"o   l*o 
(B13) 

Now if w(k D is a random variable with zero-mean and variance a and 

if w(kT) is independent from sample to sample, the expected value of 
Equation (B13) becomes 

or 

k      k 

ECy2(kT)]   -    \      Y    h(mT)h(tT)ECw(kT-mT)w(kT-tT)J 

m"o l*o 

y2(kT)   -   V    h2(mT)a2 

m»o 
(B14) 
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The steady-state mean-squared value of ydcT), if it exists, can be obtained by 
letting k approach infinity. 

If only the steady-state value of output mean-squared noise is of interest it can 
be found without computing the impulse response of the filter.   This classical 
result is demonstrated by observing that 

h(mT)   - ^-r- ^ H(z) zm"1dz Aversion Theorem) (B15) 

Substituting Equation (B15) into Equation (B14) and interchanging the order of the 

summation and the integration yields 

.2 
zm (B16) y2   n -J^J- ^   H(z) z'1 dz   V    h(mT> 

m»o 
but 

H(z' )   ■   \       h(mT) zm (by the definition of the z-transform) (B17) 

m»o 

so that 

y
2   ,_£L   ^ H(z)H(z-1)z-1dz (B18) 

where the contour integration is taken along the unit circle.   To illustrate 
the technique, consider a first-order filter characterized by the transfer 
function 

H(z) L_ (B19) 
l+ajZ-1 
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Let w(k) represent combined quantization and round off noise, with mean zero 
2 

and variance a .   Figure B8 illustrates the corresponding equivalent system. 

w(k) 

—♦ ytk) 

-1 

Figure B8.   First-Order Digital Filter Driven by a Noise 

From Equation (B18) 

2r      1 
0      CTO l+ftjZ l+SjZ 

dz] (B20) 

and by applying the Residue Theorem to the contour integral yields steady-state 
mean-squared output noise 

_2 

1-a 
(B21) 

1 

One notes that z^a. is the pole of H(z).   As Sj approaches the unit circle, 
the mean-squared value of the steady-state noise increases without bound. 
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3. 2   Development of Mean-Squared Response Equation 
via State Matrix Approach 

Let x(kT) be a state-vector associated with a realization of a digital filter as 

described in Section 2.   Then, the evolution of the state and output due to a 

noise sequence Cw(kT)] is described by 

xCdc^DT]   =   F x(kT) + G w(kT) ._„. 
(Be«/ 

y(kT) ■-  h,x(kT) + d' w(kT) 

where F, G, h, and d are transition, noise input, noise output, and noise 

transmission matrixes with dimensions nxn, nxr, nxl, and rxl, respectively. 
Now let X(kT) be an nxn matrix  (i. e., state matrix of the mean-squared 
response) defined by 

X(kT)   =   E{x(kT) x'(kT)} (B23) 

where prime indicates the transpose.   Similarly let 

W(kT)   =   E {w(kT) w^kT)} (B24) 

Then,  from Equations (B22),  (B23), and (B24) it follows that 

X(k+ 1)   =   FX(k) F' +G W(k) G' 
_,- (B25) 
y =   h'X(k) h + d' W(k) d 

in which T is dropped for simplicity in writing.   The set of equations defined 

by Equation (B25) completely specifies the evolution of the mean-squared value 
of output noise on a discrete-time interval 

{kT}; k=o,  1,  ...oo. 
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Since round-off and quantization noises are assumed to be stationary,  it follows 
that output noise has a steady-state mean-squared value i! the filter it 
tically stable.    In this case the solution of the equation 

is asympto- 

X   =   FXF' + GWG' 

for X and then evaluation of y2 =h/Xh + d/Wd 

yields the steady state mean-squared response. 

(B26) 

(B27) 

For purposes of illustration, consider a second-order filter characterized by 

H(z)   = 1 
_ 1 n n     ,      r <    1 

1 - (2 r cos 3T) z     + r   z'* (B28) 

Let w(kT) be the combined quantization and round-off noises with a zero-mean 2 
and variance a  .    Figure B9 illustrates the corresponding equivalent Frobeni 
Input System. 

us- 

w(k) 

Figure B9.   Second-Order Digital Filter Driven by a Noise 
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The equivalent system is described by 

x(k+ 1)   =   F x(k) + g w(k) 

y(k) = h' x(k) + d w(k)   =  x2 (k+ 1) (B29) 

where 

F   = _1 
-r 2r cos |3T_ 

0 

'  g'-[l\' h = 
[2 r cos ßTj 

, d = 1 

Substituting Equation (B29) into Equation (B26) yields the state equation of the 
mean-sauared response. 

xnfk+i) - x22(k) 

x12 (k + 1)   =   -r2 x12(k) + 2 r cos ßT ^(k) + a2 

(B30) 

(B31) 

x22(k+l)   =   r   Xjjfk)-4r3cosj3Tx12(k) + 4r2 co8ßTx22(k)+a2 

One notes that the poles of H(z) in Equation (B28) are 

^2   =   r (cos ßT± ainßT) 

Thus with r< 1. the filter is asymptotically stable.   In thi 
response is given by 

s case the steady-state 

X(k+ 1)   =   x(k)   =  X (B32) 
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So that 

xll   =   x22   =   y 

x12   =   'r   x12 + 2 r cos ßT x22 <B33) 

22   =   r   xll ' 4r3 cos /3T X12 + 4r2 C08 ^T x22 + o2 

Solving the set of equations defined by Equation (B33) and after some 

algebra, one obtains 

2        1 ± r2 

xll        ^2        y     " 2 1 - r 

2r cos 8T       2 
X12 j . r2 y 

r 
5
2 

1 + r4 - 2r2 cos 2 3T 
(B34) 

Clearly, when r approaches 1, y   grows without bound as expected. 

It should be pointed out that in the example given above. Equation (B26) has 

been solved analytically since the filter has been of relatively low order. 
For practical systems requiring digital filters of higher order, for instance 

of order ten, the analytical solution would be extremely tedious.   As is indi- 

cated below, state matrix formulation of this problem facilitates the solution 

by a digital computer very efficiently. 

It should also be pointed out that in many cases, digital filters are used in an 

open loop fashion.    For this class of applications the mean square output noise 

of the filter itself is a meaningful parameter for measuring the system per- 

formance.   However, if the filter is used in a closed loop, for instance in an 

automatic flight control system, then obviously the study of open-loop perfor- 

mance of a filter alone is insufficient to predict the overall system performance. 
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In this case the state matrix approach becomes a very convcdient tool, since a 
discrete model of the overall system can readily be developed in the form of 
Equation B25. 

Relation (B25) is known as the discrete"Lvapunov Equation."   It is also 
referred to as "the discrete state covariancs equation."   It can etaily be 
verified that the partial sum generated by the iterative solution of Equation   (B25) 
satisfied the following recurrence relation 

2k-l /2k-l 
S^   =   F ^k-1 ^ +  ^k-1'      = I»«,... 

with        S0   =   GWG' 

and X   =   lim S. 

k -♦ • 

o 
Once X is computed as indicated above, the output mean square noise y   can 
easily be obtained from Equation (B27). Clearly «abfroutines already developed for 
control system design purposes can readily be utilized for this calculation also. 

3. 3   Structural Sensitivity 

To explain the method for studying the effect of various realisation structures 
upon the mean-squared output noise response, consider an analog notch-filter 
characterized by the transfer function 

2       2 
G(s)   -  S-iSL. (B35) 

(s + af 
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Letting 

1 s X i^«"1 

2
    I-«"1 (B86) 

yields the following di^tited transfer function 

H(2) - a±is z'l\\z'2 

(i+c« r (B37) 

or 

where 

1 +2C z"   +C    z 

c = y + i 
r2 + i aT 
Ty^Ti' Rndy ="T (B38) 

It can easily be shown that Equation (B37) can also be written as 

H(z) ■=■0 + d 
(1 +C «    )        (1 +C «    ) 

(339) 

where 1 T) - 2 + d# r9 = 2 - 2 d, with d r-^ 2 CZ (B40) 

Let  T be such that no truncation occurs in the representation of coefficients 
appearing in Equations (B37) and (B39).   Further assume that the result of 

each multiplication is rounded, then summed.   With thesn assumptions, Fig- 

ures BIO and Bll correspond to the noise models of the filter based on 

Equation (B37); and Figure B12, based on Equation (B39). 
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u(k) = 0 

Figure BIO.   Noise Model of a Digital Filter Realized as an Output - 
Frobenius System 

It should be noted that these are not the only possible realizations.   The reader 
can add to the list, other alternate realizations.   However, the important 
point to remember is that the equivalency of these realizations is valid only 
when noise is not present.   Obviously, each network illustrated above yields 
a different mean-squared output noise value for the same quantization and 
round-off errors. 

The variation of the mean-squared output noise of a digital filter with respect 
to its realization schemes is termed. The Structural Sensitivity. 

Clearly, the best dynamic realization in the sense of yielding the least mean- 
squared output noise depends upon the coefficients of the filter transfer func- 
tion as well as the input quantization level and the word length of the 
computations. 
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* y(k) 

Figure 611.  Noise Model of a Digital Filter Realized as an Input 
Frobenius System 

y(k) 

Figure B12.   Noise Model of a Digital Filter Realized as a Jordan System 
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To find the best dynamic realization, one first obtains the matrixes F, G, h, 
and d for each possible realisation.   Then the mean-squared output noise is 
computed as described in Section 2 for given quantisation level and word length. 

It should be remarked that in the actual design process, not only the dynamic 
performance, but also hardware aspects of the filter are considered as well. 
Therefore, the ability to predict analytically the noise behavior of various 
realizations is of practical importance in the tradeoff studies of digital filter 
mechanization. 

4.  CONCLUSIONS 

A convenient technique for the noise analysis of digital filters by a digital 
computer is presented.   The technique is applicable to both open and closed- 

loop systems. 

The concept of structural sensitivity of the output noise to various realisation 
schemes is briefly discussed for an efficient filter mechanization. 
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APPENDIX C 

MODELING OF F-4 LONGITUDINAL CONTROL SYSTEM 
WITH TIME DELAY 

A reduced model was developed for the parametric study of computational 

time delay effects.   In this model the actuator and the gust dynamics are 

modified (a ♦hird order actuator and a second order gust filter).   The same 

model with minor modifications is used in the simulation tests. 

Figures Cl and C2 represent the block diagram and state equations for the 

actuator, and Figures C3 and C4 represent the block diagram and state 
equations for the vehicle.   Figures C5 through C7 contain the program listings 

of the subroutines SIMKA, SIMKV and SIMKP respectively corresponding to 

the new models. 

The subroutine HSIMK is used to introduce time delay into the overall system 

model.   The subroutine SIMK presented previously combines the quadruples 

without time delay.   It is used here for checking the outputs of the subroutine 

HSIMK for zero time delay.   The amount of time delay 0, T/4, T/2, and T, 

where T = sample time, is specified by an input timing sequence ISIMK (ISQ), 

ISQ =1, ..., ISQMAX.   This is read in the subroutine STAMK4.   For each 
value of ISIMK (ISQ), the corresponding subsystem is updated in the subroutine 
HSIMK as explained in Section HI. 

The program listings of the subroutines STAMK4 and HSIMK are given in 

Figures C8 and C9 respectively. 
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Differential Equations 

X(l) =KMR * Y(l) 
X(2) = BETA2 ♦ BETA3 * Y(2) 
X(3) = Y(3) 

Summing Point Equations 

Y(l) = LINKG1 * X(2) - CSTABA ♦ Xd) 
Y(2) = BETA1 *U(1) - Y(3) 

Y(3) = BETA 1 BDM0D2 ♦ Xd) + CGOK * BDMOD1 ♦ CVPIN ♦X(2) - X(3) 

Response Equations 

R(l) = LINKG2 ♦ CRPD * Xd) 
R(2) = LINKG2 * CRPD * Xd) 

R(3) » KMR * LINKG2 ♦ CRPD * (LINKG1 ♦ X(2) - CSTABA * Xd)) 

Values of the Parameters 

BETA1   =.37 
BETA2   = 57.6 
BETA3   = . 408 
BDMOD1 = 1.25 
BDMOD2 = I. 17 

LINKG1    = 1.372 
LINKG2    = 2. 865 
KMR = 133. 
CSTABA  = 1./7. 128 

CRPD   = 1./57. 3 
CVPIN = 14. 
CGOK   = . 296 

Figure C2.   Reduced Actuator Equations 
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Figure C3.   Modified Aircraft Simulation Diagram 
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Differential Equations 

Xv(l) = (1 + Z'e) Xv(2) + Za Yv(l) + Z^  Xv(4) 

+ \ Xv(3) + Z^ Xv(6) + \ Xv(5) + \ Xv<8) 

+ Z     X  (7) + Zg Uv(3) + Zjj Uv(2) + Zö Uv(l) 

Xv(2) = M^ Yv(2) + Ma Yv(l) + M& Xv(2) + M^   + Xv(4) 

+ %, Xv(3) + M^ Xv(6) + Mt,0 
Xv(5) + M^   Xv(8) 

i A 2 3 

+ M     Xv(7) + M-Ö-Uv(3) + Mg Uv(2) + M6 Uv(l) 

Xv(3) = Xv(4) 

Xv(4) = Fa Yv(l) + Fe Xv(2) + F^   Xv(4) + Ftl   Xv(3) + P^   Xv(6> 

+ Fn2 
Xv(5) + % Xv(8) + FT13 

Xv<7) + Fö V3) 

+ Fh Uv(2) + Pfl Uv(l) 

Xv(5) = Xv(6) 

Xv(6> = Ga Yv(1) + Ge Xl(2) + \ Xv(4) + \ Xv(3) + \ X, 

+ \ X2<5) + % V^ + GTl3 Xv(7) + Gö Uv(3) 

+ G^ Uv(2) + Gö Uv(l) 

.(6) 

Figure C4,   Vehicle Equations 
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Xv(7) = Xv(8) 

KiB) - Ha Yv(l) + H0 Xy(2) + H^ Xv(4) + \ Xv(3) + % Xv(6) 

+ H     X  (5) + H'    X  (8) + H„   X  (7) + HVU  (3) 
2 ^3 ^3    v 0    v 

+ H;U (2) + H, U (1) 0     v 0     v 

Xv(9) *—   [-Xv(9) - Xv(10) + ( yfTT a/Uo) Uv(4)l 
w 

Xv(10) = Jr   [-Xv(10) + ((V3 - 1) VTror/U0) Uv(4)l 
w 

Summing Point Equations 

Yv(l)=Xv(9)+Xv(l) 

Y (2) =X  (9)+X  (1) 
V v v 

Yv(3) = Xv(2) + Ocp^) Xv(4) + (ac^/a$) Xv(6) + (icpj/^) Xv(8) 

Y (5) =Y (4)+(L /3?.2)X1(2) 

Yv(6) = Yv(5) " 30-   lcpl Xv(4) + ^2 Xv(6) + ^3 Xv(8)1 

Respor -► Equations 

r (1) = Y (1) v v 

r (2) = Y (6) 
v v 

Figure C4.   Vehicle Equations (Concluded) 
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C  SIHKA  8<,00 VEPSTON 
C SIMULATION FODATION«; Too f-u   ATTlJ^Tn» 
C 

COMHO*'   VU1) .W(70) .NX.NY.NO.N'itlNTT.irLAO.MOOE.F««»! .70) .T.ITC 
OIMrNcTON   X(7l.XnOT(l).V(    3).'i(l) 
PF4L   «-MR,LINKT,! .LIMKH? 
t-'OUTVM.FNCf   (*   OOT(l ) .W(l ( ) . (v    ( 1 ) . M (   <«))*( X    ())*«(    7)). 

I (U   (1 1 .W(10 ) ) 
ir(INTT.NF.O)    T,0   TO   100 
NX = T 
NYsT 
Nil=l 
NO = T 
OFTUR' 

100       rONTT'iiiF 
qFTAU.17 
qrT4?re;7.6 
qrTA1=,<»0R 
t.INKr,i=l ,37? 
L TNKr,p = ?,flft'; 
KMRsl y\, 
rSTARA=l,/7.1?B 
C'PHsl./57.1 
rvPTN=i<.. 
ROMOOl-l.aS 
PHMOn^al,17 

c 
c mrrrPFNT'AL FODATTONS 
C 

V(I)»rMW»Y ( 1) 
V(?)«arTA?»RFTAl«»Y(?) 
V(3)»Y(1) 

t 
C   SUMHTNT,   POTNT   FQIIATION«, 
C 

V(   fc)=LINKr,l»X(?)-rSTAHA»X(|» 
V(5)«9FTA1»IJ(1 )-Y(T) 
v(ft)«PFTAMflOHOo?*x (1) ♦cr,nK»Hr>Mnni»r,v3T^»x (?)-* «3) 

c 
C OUTPUT FOUATIONS 
C 

V<   7)=LlNK62*CPP0«X(n 
V(   ft)»LlNKfi7»C»P0»XOOT(l) 

         VJ   9)»KMR»LINKG?»COP0»(LlNKr,l««00T(2)-CSTABA»Kn0T(n> 
T^TTDRM 
PND 

Figure C5.   Red"ced Actuator Program Listing 
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m^mm mmm 

SUMO'iTtW  SIM»v 

SmUl»TI0>'  FOUHTION«;  «"no  r-»vrMiriF 

COMMON vuii.BiTfti.Ni.NY.so.Nn.isn. i ri. »G,««nnr .nu^r (»i .701. t. if r 

niMfNMON 7(lli.«'ll?l.r(Ml.'"'Uli.Hill) 

niMFNCION HOOK ni .r Cl •« ( |"l .H(<.) .S(>| 

n|MFN<:lON  »nur (AC i 

rouiviLFNcr («OOTn>•«(iM• («iti<«it)n•oil)• «HITII.(uiii•«(?'! 
t'f)iMV«LFNCr   uwir i^i.'i]) ), itutir t\*] ,*i\\\, itH'ir {?»\ ,r i}) ). 

I ( «our i IQI .r. ( 1 i i . ( 'tur mo i ."I 1 i i . i «"ir i»,) ) . noHi | i . 

? («nur <«.?! .noHi?) • i«BUr ift3i .IPHIII , ikH IF !(,<,) ,(>*\\\. 
J I »RUF (».SI .OHI?l , (»R(IF(»,«>) .PHI^I , I»B1)F(».71 .LfNr.tMl . 

<. (»quro.ii.    IPS/I 

OF»L   ".LJ.LFsr.TH.L" 
IFdNiT.NF."!   r,o  To   |nn 

ISI?I»Lr7r 

r«LL  "»T«   (»Bljr ,1 1 

N««IO 
Mr   •   ^ 
i<s  .   1 

Ml   =   ■. 
L«   i    ILFNGTM   -   77.^1    /    l?.r 

KINO FlLTrp INPUT 

LK»17tO. 

lir,««   =     7.0 

OF*I^^   7 

BFT'JP'l 

100   riNTI-iur 

niF,-rPFNTl»L   EOniTIDNS 

V(|i x   7(li«»(li    .   M .1« M'1 i •« I ?l   .   /(3i««(*l   «   /I»l»«('<l 

I»    7{Si»«(hl    .    MM'Iki    .    /|7.»i'fli    .    /(Ml'ilJi    •   7(0|"J(1I 

?.    7t\rf{ll?\        .    7( | I l"'ll | | 

V(?l »   M(ll,»(|l    •   »I?)»* I'I    •   M|J(»»(>)    •   "(«V»IC(»t 
I •   M (S) • )( 31    «   " I* I » « (* 1    •   « I 7 <«it (^ 1    •  Mim«»(ai    .  >• (41 • > ( T i 

?•   Mll'l'lllll •   '»(|II,|I(»1       .   "(lOJ'Kll 

V(II «   «(«I 
V(<.| «  Fili»»tli   •  F(?)«i(>)   .  rdi   »«n.!   .   r(i.i»»ni 

1 •   F (s i • i(( ^ i   .   r (». i » « I«i   .   fi7i>i(Bi   .   rim'1(71   4  r 1 o 1» 1 ( vi 

?•   r (1 " I«I;I?I      .   f 11 11 "in I I 
V 111 r   « i«.i 

v(M «   r. (11«V 11 1    •   M ' 1 • » (•> 1    •   r. ( 31 •« (<. I    .   r (<,|«»Mi 

|.   MSi»«l')i    •   '.(•>!■■ <ici    .   r, f 71 * « I ft 1    .   r, ( M 1 • « I 71   •   r. (01 »i 1 n 1 
?•   r, 1 1 M »ill? 1      .   r, 1 1 1 1 m ( 1 1 

1/1 V 1 =   « ( S 1 
WIBl =    Ml It»» »I 1     •    -M?! <••(-■,     .    H(11»«ll.l     .    Ul*l««l3l 

).    «Cl'IOl     •    M(M.>I(C\     .    Hl7i«II91     .    HIMIXI7I     •    W(<>1«U('I 

?.    HI 1  1 l»ll(Pl .    HI I I I "IM 1 1 

viai>i->l<>i->i|ni.c']kri'i.n*rNi«si'',uA>ji(.i/ii^s/i/r« 
V I Id) s (-X I 10 1 .^IOT 1 Twi ■•. 7-i?»s ir,M»«ii(i, 1 / JK;/ 1 /T .■ 

C3HOi)Tr   r   FOUiTfOM«; 

villi -   «i^i    •    "'P 
« (1 ?1   =   HIJOT 1 1 1 

Vllll =    X(?l     .    ripHll «11 (i|     .    HDHI»»«|<.1     .    IDHM»»!«! 

Vlltl =    ll)PS7/3?.>)o 1 « I'l-X'nr (| 11 
VIISI =   YI4)     •     (I   </-"3.Pl »«n iT l?l 

VMM        =   riSl   -   IDHI if«DnT 14 1 .OHI?»X-]OT («.I .PHI 3«>noT (fl( 1/I?. ' 

P«Tr   »10   «<TFI FP«T IflM   TlTmi' 

V(17i      -  ri3i 

vi ifli       =  v IM 
PFTIIP-i 

FNO 

figure C6.    VIodified Vehicle Program Listing 
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^^M  ' '■ ' 

simPO'iTiw SI«KB 

F-<,   »L'NT (^FNSOO-VFHin F-4rTU»TOBi 

COMMON   VU1I .M(70l .NX.NY>NR.N>l.tNITt|FL*GtMOOCtr(*ttreitT«irC 
rOMMO«.  /OTAPF   /  H»oi»(30).  LOCiTE»   ISSfPT«   NULL 

niMFN^ION   XSnOTni .«SnJ.XVnOTdOt.XVdOI.XtOOTOliXAOItRSC?» . 
1 US(?) .RV(?).UV(<.».0«(3)tU*(l).   U(?( 
niMEN^ION  AS(1>ai.nS(1.7).CS17t3l<0S(?.?l 

1 .4V(io.iOi.Rv(|0.<.i.rV(?.10»^v(?.<i) 
? .«Anot.oAo.n.CAC.it.oto.n 

OIMFN^ION   I5EN(?0l.I«CT(20).ItfFM(?0) 
f OUIVBLENCF    (KSDOTO ).«((l) I . I «VOOT (I) .W(«l I . <X«OOT< 11 tH< U) I • 

I <DS(I I .W(|7) I , (QVd > »Md«)). (P*(ll tM(?1ll> 
? -DM 1 I ,<n?4M . (i)Vd » .«(36» ). (UAdl.KOO» > . 
3 («^di .wniM.fi(Vd(.tt(3*n.(XAtii,tf(4*ii. 
i. (II   d ) .W(<.7| I 

mTIALI?^ 

IFdNtT.MF.O» 
Nil   =   ' 
NO   =    ' 

GO   TO   ion 

PFAO   INPUT«;  FMQM   S^NSOO,   VFMICLF.   *N0   ACTJATOP 

orAn(c,->qQ)    je;rN | 
PFA0(C;.?,»<»|    IVFM j     * 
Pf AOC;.?«»«)!    t«'"T >■ 

?q(»        rOPMAT(?0A<.l 
«"ALL   TAPF   (LOCATF«   ISFN.   71 
w9iTF(P.?B<»t  i«;r^ 

?«»q FOPMAT (IK,   ?0Afc) 
OEADITi T.NSX.NSB.NSU.MAMl. I» , I«l «NSX 1 . J«l .NSX). 

1 1 (SS( t.J» d = l .NSXI . J=1.NS()I . 
?! (CSd.Jl .T»1«N<;P| .J=l .NSX) . 
3((nS<»»J>«I»I.NSP).J'l.NSU) 
TALL T*PF (LOfATF. lAfT. 7) 
WOITF'"»•?rt<'l I»rT 
PFAn(7| T.NAK.NAP.NAU.((AA(rt I)fI«lf^AXI.J>1«MAX». 

1 f 'HA( ' . J> d = l .N4«l , J=l ,NAUI . 
?( (TAC. J) .1»! .MAP» . J»1 .NAX) . 
"U (nA( T «Jl dd • ■API . J3| ,NAIM 
TALL T*PF (LOCATF. IVFM. 7) 
KOITF(P.?fl<>t    IVFM 
PFAOC)    T.NVK.NVP.MVU. ( (AV(T. I» . I«! » VVX» ♦ J"l »H«K> » 

I ( (t<V( ' .J) d = l ."V«) . J=l .NVill . 
?((CV(I.J)d = l .f|*'R| .J«1.NVX) . 
3( (OV(f .Jl d = l.'IVP| .J=l .NVU» 

N»   =   "HX   »   NV«   »   NAK 
NV   =   'S»   ♦   NSl)   •   Nv/O   .   SVU   .   »lAP   ♦   -lAJ 

PPT'JT   OUT   M»T»IX   OIIAOOilDLF«;   FOP   SfNSOR. 

no TO \n? 

VEHICLE. AND ACTUATOR 

IFIIF' AG.NF.OI 
W3ITF"3.1 1?) 

11?   roPM4T(??H rnNTINUODS OUAORUPl.FSI 
i"AL^ «PRSlAS.NSX.NSX.NSX.NSx.T.fcMJS 

TiLL ■'DBS(RS.N<;x.NSU.NSX.NSi|. "• .4MBS 

Figure C7.   Pi ogram Listing for Plant Equations 
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IIMMBMU&MM*.. 
•W',-,.'!     «JiJ 

<-«LL    •oKS(C<;.^<5't>JS«tMS0.NS«. '.UMCS       1 

r»LL •"»'»s(n,:;.MSo.N«;ij.»js9.NS,i. T.fcMO'i       ) 
CALL    •o»';(»«.'gVX.NW<«NV«.NV<t '•feHAV       1 
r»LL    ""»^(«V.MVI.NVlNNVI.NVM, I.fcMO«        ) 

TiLL    '»US (rv.^Vl»«NV««NV9«MV« • T.*MCW       1 
CALL   "OW«i(nv.NVB«NVII«NV'J«NVlP. t.fcHOV       » 
TiLL   "BB«;(«».*J»X.N»K.N»XtN*x. T.uMAA      ) 
TALL   MPPSCRA.NAXiNAD.NAXtNAil. r.itMRA      ) 
TALL   •'POMCA.'^etNAX.mo.N*». T.4MCA      ) 
TALL   'tB^^fDA.NA^.NAlUNAP^NAil. T.toHO»         ) 
r,n   TO   104 

10?     KoiTnQ.nn 
ill      rooHAT  (IQM nf-iTAL ouAnPUPiE <;( 

CALL   "PBS(AS.NSX<NS»»NSXtN5«t T.fcMFS      1 

CALL   «0'>S(RS.NS.,UN«UtMSX.>gSii. T.fcMC.S      ) 
CALL   «PWSCCS.MSB.NSX.NSQ.NSxt T.4HHS      ) 
CALL   "»«<;(n«;.«J<!0,Kj«;i).N59.NSil. T.fcHF^       1 

CALL   ■•""»'WAV.NVXtNVX.NVXtNVX. T.fcHFV       1 
CäLL    «owSCRV.NVXiNVDtMVX.NVir. '•«•HCV       1 
CALL   "«"^(CV.NVPiMVX.NVP.NV«. T.fcMHV        ) 
CALL   -«BwSCnWtNVPtNWINNVO.NV'i. rabHFV      ) 
CALL    'POSIAA.NAXiNAXtNAXtNAiit I.i.MF«        ) 
CALL   "OP^IRA.NAX.NAH.^A'.NA'i, TifcHCA      1 
CALL   ><P»S(CA<NA0«NAX<NAP«NAI> T.fcHMA      ) 
CALL    'PPSIDAiigAa.NAtJ'MAP^NA'/t T.4MFA       1 

lOfc        CONTI-lir 
orTDO" 

100        CONTMOF 
c 
C   COMPI)TF   n'TFWFNTIÄL   F^DATtONS 
C 
C   SfNSOB   OY'IAMICS 

nt)   ?no    Iil.'J^x 

V<M»n.O 
no ?ni   jri.N^u 

POI      v(ii="(n»>";(i..)i»ir«;( j) 
no ^m  J=I.MSX 

?0P       W(I>e"(|l «»Sd.Jt'xSI n 
C   VFMICLF   nvHjAMICr 

00   70'I=1.NVX 
Ilsf'^X 

vdtiso.n 
00   ?0l    )=l«NVil 

^O^         V(TII=W< ln»BV( I« J)»UV( J» 
00   ?0'   J=|.NV» 

?0?        \/(IIIttf(IU»Avl(I.J)»Xtf ( Jl 
C   ACTtlATOO   nrNAMirs 

00   ?ni   1=1,NA» 
II = I.>I<;X«NV« 

vnt i-f».n 
00   ?0-;   Jrl.NAU 

705        V( ITI=V(II I»0A(I.J)»(I4( J) 
00   ?P-    J=1,N«« 

?«<, vdi)   r veil)   ♦  «*( r • M   0  «« ( 
c 
C   COMPIITF   O'lTPUT   FOUATIONS 
C 
C   SFNSOP   OHfPiiTS 

II 

00   ?6   Tsl«MSP 
II   =   I   ♦   NX 
V(tt)    =   0.0 
00   ?7    («l.NSX 

?7   V(II)   =   Vdll    .   CS(I. ))    •   «<;( II 

00   ?f.   .)=I .NSD 
2h  Vdi)   a  VMf)    ♦   nsd, i)   »   ()=;( 1) 

C   VFMICL'   OUTPUTS 

Figure C7.   Program Listing for Plant Equations (Continued) 
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"■i m i m .'i""-" ii «»«»"'»"•"'■"""" . •>»   .. i, ..,11,11 nnfumm tmmii ■■ I". 

no ?« t=i»NVP 
II   =   I    .   '-(X   . NSP 
V(II»   =   (S.O 
or) ?q .1=1 «NVX 

29   V(II)   =   VdTl •   CV(I. )) 
00   ?R  J'ltNVH 

?n vdii x v(ii> ♦ nvdt.ii 
c «CTU»T0P   -illTPUTS 

no   10   1=1.NAP 
JI   »   »   •   NX   ♦ N«;«  .  NVP 
van-n.o 
no ii J=I.N»X 

31   V(II)   =  VdT) ♦ rAd. j) 
no TO J«I.N»II 

c 
30 vim « v(ii) •    04(10» 

c INTFPrONNPCTTON   fOIUTinNS 
r 

(V(  I) 

nv( II 

•    «Af.ll 

UAUI 

SENSOP   INPUTS 
V(II*II*RVC|I 
V(II»'>»<»V(?l 

VEMICLF  TNPaTS 
V(II*1>>«tA(l) 
V(II*4I=RA(?) 
vni.sizBAd) 
VtIt»A)«U(?) 

ACTUATOP   INPUT 

PL«MT  OUTPUTS 

V(|I.<«i«R5m 
V(II.Q)=»S(?1 

WTTUPN 
ENO 

Figure C7.    Program Listing for Plant Equations(C oncluded) 
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iiinii  I     luii, m     -—■ 
""■'—' 

rnM«(v,/sv»nfiTn. i >)« 
1N\|0(1 ' I »NNUI im .M"ft«. 

rOMv»0-' /nT»PF / M4üK( 

r^IMFN^ION lHE:4n(?n) 

OIMFN-inN LA^Hf^w» 

OtMFNM'V'l »(?«•">).^' 
PTHFN^TON FBI.'K (?«.'«> 
ntMFNctnN  FTC«.?») •« 

?..inFP(?H» .jiNn(?P) 
jrjTrr.irs  HFL«r- 
INTfr.rP   SIMf 
M&D* (n    =   faH*l;«» 

IN^ror   =  "»"INS1" 
NULL   s   4HNMLL 
OFAn(^.777>    10JINT 

777        FOPMATIT'* 

77<(   FflPMA'd?) 

M»XN«''1 
«««Mr Tfl 

M X M   =    ? a 
N'Mrh 
N )M = 7 

I<;»«PTn 

.NY.NP.Nn.tNlTtltLAG.MOnE.FI^l.TOl.T.IFf 
Kntin)«-!i?«iO)«iiin.iO).u(7).NN«(ioi. 
I<;O.ISOM'.)(.TP';.I3PINT.ISI'«(?0) 
?n(.   nC^TF.   INS^PT.   NULL 

• RPL'KI '«.71 
•(?fl.7) ."T(6.?fl).FT(f>«7> 

r 
r 
r 
r 
«no 

AMO   LARTL   ri»TÄ   TASri«;   Fr>J 
OüAOP (P| F«;   WILL   PF   P^INTCO   AND   IKPITTFVJ  ON 

i^rPrnrNTAL   iilAO'HOLPS   MU9T   PF   H^FPTFO 

TONT T   UF 
OFAncv .7RM   MFi f, 

7q)        muMo - (f?i 
Tr (HFI f,r,,F(;,-i i   UF ruw 
W3ITF    (CI.7BS) 

7qc;   riOMA'-    ( Hll 
VOTTFiO.'M    IPDt>iT.IFr • MFI ^r, 

^Xl-JrfFLl'"HT   rnNiniTIONI   =   i:>.M7HHFLAr,   =T?> 

IMITTALI7- 

IFIHF' »r,.FO.| i   f.n   rn 
INTT   ^   n 
DFSn ( r. Tflil I     ( I'-'F4rl I I I 
FIOM4 r t »n»*) 
W^tTF fO.ITil     (UFAf   (I 
FLOWS' ( 1 <, ?14i,l 

TOO 

m 
r 
r   F^P«   ^M"'. IFLir..«r>nF 
r 

nFfOnr(^.708.JUFAOI 0 
7BR   FTöMÄ'(Al.111) 

mojTf IQ.7T;I   NC:IM<,IF 

71S        FOOMAT    (IX.   «.HNSIwiI 

.I»l.?iii 

) . ! = | ,?(ii 

l.NSy'.'FLAr, .M^-)F 

LH^.MO'iF 
?.   ?x.   hMtFLAr,= I?.   ?t,   SH'<OnF = I?) 

Figure C8.   Program Listing for State Modeling Program 
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 !■ ■•      "    '   • ,"" mm~ 
,t ;.j,-.'.;.-W'*W!^^P''WW 

C 
c 
c 

CO<*l>i(Tr   r   ^«TvM« 

770 

«»75 
O01 

«»0? 

"in 

»31 

901 

Rft? 

«04 

SOS 

«0<S 

790 

737 

MM*« 

IF(Hrv»r,,f:(i,ni   M  rn j-n 
ir(HFi /.r,.EO.')   r.o  TO 07S 
*«BrTe(,»,77<})   Mrnr. 
FftRM#.T(7HHrLAr,r   T?.I'»MI<;  NOT   ALLO^PT 
STOP   <=.t\ 
fiO   YO   (<»0I.90>.<>01.<»0<.)   NSI«K 
Cftl.L   «TMKTS 
RO   TO   «OS 
C»LL   «TMKTV 
r,0   TO   «O«? 
CALL   cTMKTA 
r,0  TO «OS 
CALL   <:IHKTC 
r,0   TO   flOS 
f,r)NTI>'llF 
r,o TO  («oi.so^.BOit^Ofc.nos.^oo 
CALL   STMKS 
r,n   TO   «QS 
CALL   ^IMKV 
r,0 TO »OS 

«03 CALL   ^IM*A 

fiO   TO   «OS 
CALL   ^IMKC 
CO   TO   «OS 
CALL   SJMKP 
CO   TO   «OS 
CALL   ^IM* 
CO  TO  «05 
CONTINUF 
OfA^(q,737) ISOMAX. (ISIMK(I).I(-I .ISO-A«» 
FOPMATi?«!?) 

WBImo.73«I ISOMAX, (ISIMK(!t.te|.IS3«»«l 
738   FOR»4*T(10X.7HISOM«« = I?f3X.(SHlcIMKr?PI3) 

OFAn(S,300) (LABHdi ,Ir|,?n) 
DFC0DF(4.7HB.LÄHH)n».NSIMK.IF| ACMOOF 
no 7010 iso»i.rsoMAx 
INIT»n 
TF(iS"MP,FO.n)r,n  To  7*-\ 
PFAn(«:.ioo) (iHFAn(T).i = i.?n» 
WOITf (0.333) (MEAOd) .I«l.?n) 
CONTIMIIE 
WPITF(0,73ft)   NSIM<.ISO.MOnF,I<:rviK(ls3) 

FOPMAT (lX.ftHNSIHK = I?.?X.4Ml<:OTl?.?«.f;HM-)Or=I?.'«.fr''lSI«'<sI?l 
CALL   MSIMK 

783 

736 

«05 CONTI'MIE 
INIT s 1 
WPTTF'P.SOOSlNX.Nr.NP.NU 

500S FORMAT (IX, 3HNX«!'. ?X. 
Ms?»N»»NY»NU 
NrNX*MV»NP 
IF(HF( AC.FO.DCO TO 40 
TFIHFi AO.FO.?) «0 TO 711 
DO 101 J=1.M 
W(J)='.. 
no soi j»|.« 
W(J)»'. 
CO TO (811.«I?.«11.«U.«IS.« 
("ALL SINKS 
CT TO «Oh 
CALL •dWKV 
CO TO «96 
CALL «IMKA 
CO TO «Oft 

IMNV»!?. ?X, 1HMR»I>, ?«. 1MNU»I»I 

101 

«000 
«II 

«1? 

«11 

1*) NSM< 

Figure C8.   Program Lis.^ for state Moöeling ^^ ^^ 
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1 ■"■.■""     ' "—— — •"" ^-r-——rw. 

914 C*LL   ^IMKC 
r,0   TO   «96 

«IS C»LL <;IHKP 
RO   TO   «96 

«16 r»LL   «ÜIK 
«96 CONTI'JDE 

' wui.n.n 
no soi  I«I.N 

«!01 rji.juvdt 
r.o TO «oo? 
nwTTMijr     

C 7FW0 OUT  *nOTtPTtimXMl 

" no   10   NN»1.NN»X 
■««■»INKtNNI —     - - no \xr jti.Mx 
XOOTI P.NN»=0.0 

10 ((JtNM)sO.O 
DO   11   NN'ltNMAX 
MXrkJNOfNN) 
no   1?  J«1.MX 

17    - - PTTJ.MV)*U.O 
MX«NN>l(NN) 
DO   13   J»I.MX 

13 lit (J>MN)s0.0 
11 CONTINUE 

DO   16   Iil.NU 
14 ijfir«o.<i 
c 
C COMPUTE  P4RTTALS  WPT  5T*TF  DERIVATIVES 
\. 

JJ«0 
DO   «SO   NN=1.NM»X -   ._      ._ 
ffX.KNXfNN» 
no  SO   Jil.MX 
JJ=JJ.I 
XD0T( r.NN)sl, 
r,0  TO   (1011.101?.1013.10U)   NCIHK 

1011 C»LL   STMKTS 
no TO  10?S 

101? CALL   «IMKTV 
no TO io?s 

1013 C*LL   ^[«KTA 
r,o TO io?s 

I0U CALL   "^TMKTC 
1B?5 COVTi^rtrr 

XnOT( I.NN»=0, 
no sn T=I.N 

SO 
c 
C   COM 

r(i,j i)=v(i) 

BIITF   P«BTIALS   t*PT   INTERNAL   OUTPUTS 
c 

HO   inr.   NN-l.NMAX 
MX=NNo<NN) 
no   lOn  J«1,MX 
JJ=JJ.I 
PI( J.-(N) = 1. 
TO  TOf700I.?00?.?003.7004)   MSTHPf 

?001 CALL   STMKTS 
r,o TO ?n?«; 

?00? CALL   ^IMKTV 
RO TO ?n?s 

2003 CALL   <;IMKTA 
r,n TO '0?s 

?00<. CALL   '■.TMKTC 

Figure C8.   Program Listing for State Modeling Program (Continued) 
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■Mi^^MWW 

ot ( i.'Mi«n. 

ion       f ( f. j i) =v( K 
r 
f   criMOiiTr   PiOTIALS   w^r   I^TF^MAL   IMP iT<i 
r 

no   i^-    ,i ••<« 
IJiJ.I.I 

lit (J»IM)»1. 

r,r\ TO »ftl«? 
?t1?     <"«I.L   -;MKTV 

?mi    r»Lt     TMKT« 
r,T TO »ns 

?01<.     fiLL    :?»«lfTC 
r,n TO '«is 

P'TS      riNT t   'ir 
MM ).«'M»rn. 

ISi      rd.j n.vtrt 
r 

f   riMOiiTF   P'OTUU^   «"T   SIATcs 
r 

ni ?n    NNIi «MM1!« 

MX=NN'(NN) 
m ?.ii   i=i.MK 

j.i«jj'i 
» ( J.M-'I = I . 
r,1   TO ('(»«.l . JOu'.J.Jul. Pi)«»*»    \'STMK 

^O^l     r»LL   ^IMKT«; 
r.T   TO   ?0*S 

?PA?     o«LL    ;'MKTV 
r,T   TO   ^«.S 

r,i   TO   '.1<.S 
'rtfcfc     OÄLL      T^KTT 

^la^      rTjTI  illF 
» (.i.-:-'; =n. 
n.i  »i     r = l.N 

?n0        r( i. | iisv( 11 
r 

r 
01   ?c       Jxl.NH 
j )= ;J.I 
'ii.n = • . 
r,T   TO   (^ns| .?ns?.>nsi.?f.-ii.)   N<-TMK 

?n^i    CALL  -i^^rs 
(-,1 TO »rss 

?nc?     0«LL    'T^KTV 
f, 1 TO 5is: 

PJCl      »"ALL       'MK T« 
r,0    TO    ^f^^ 

^O1;«.     TSLL     TMKTr 
?0^S      rONTT-'UF 

Ml ))r ■. 

OT   ?S      rsl.'i 
?S0 F( f. j l)=V(I) 

«.0   rONTI  UJF 
m ai    1=1 •" 

«1    W(J)»1,1 

Figure C8.   Program Listing for State Modeling Program (Continued) 
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1 

03  *?   J«l.» 
M(J)«).A 
r»LL   «SI"R 

<•?    rn.Ji»v(i» 
R00?   CONTI'llff- 

C 

F. 

irtIPoiNT.FO.Ol   00   TO   15 
r*LL    "«»»^(F.MiK^.MAXM.W.M.T.AMr ) 

15 rONTfMF 
00   51    I«1.NV 
00 5?    )«1.NV 

5? r(j.j>.-r(!.jt 
51 F(i.|»»r(i.ti»i. 

fALL   TDINWO{I50L«!n50L«NV.-Mtr,M*XN.«0U>«t0ET» 
I««NV.l 
IF.NV.K'O 
J1»TP 
JE«« 
01 53 I«IH.IF 
OT 53 .l«JH. JF 
00   53   ir«l.NV 

53 F(I,Ji«F(ItJ).F(I,«)«r(K,J| 
00  53^   I-l.TF 
OD  53'   J»l.JF 
IF(»Be(r(I..I) ) .LF.roSD   Fd.Ji   >   O.O 

550   CONTIMIIF 
iFdPPiNT.FQ.oi  no TO «;<. 
HOJTF(<».500T) 

5007   FOPM«T( /7X,1«H   SIMULATION   •<»TBIX/) 
C»iL   >'PB5(F,HAXN.MAXM,NfM.T.<tMF ) 

54 rONTINIIF 
JIxW.1 
J?.N*»M« 
J1=J|.NX 
Jt,*J?*NU 
T1»NV.1 
I?rNV.NP 
0!)   ».OM    1 = 1.N« 
00   6011    J=J1.J' 
JJ»J- ll'l 

•>noi »d.J il=F(T.J) 
00   60'«?   1*1.N« 
00   6nr?   JrJ3.J<. 
JJ«J- 13*1 

600? B(I.J il«F(I. II 
00   60M   1 = 11 ,1? 
II»I-I1«1 
oo 6ni-< J=JI ,j? 
JJ=J- il«l 

ft003 c(n.jj)»F(T.ji 
00   601*   1=11.1' 
ii=i-ri»i 
00   6014   J=J3.J4 
JJ=J- I3»l 

6004 0(11. IJt=F(I.Jl 
f 
r        OUTODT   «.fl.C.n   MjTPTrFS 
C 

IF((H;»HP.FO.O).«Nn.(MFU*r,.F0.1)ir,0   TD   7B0 
IF(HFi *r,.F0.1)   r,0   TO   6006 
IF   (KL Af,   .MF.   0.)      r,n   TO   600» 

Figure C8.   Program Listing for State Modeling Program (Continued) 
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600S   WITF    (<*,?) 
7 roo«AT (7i(> l^HrovT iMiinnv noor/i 

C«LL      »T    Ml 
r«LL   •'«>«S(«.N««<,N««.N«.N«.T.i.-» \ 
C»IL    '0'»S(«.N»M,NIIM,N«.MlItT.i.^P 1 
C»LL    'PBS<   r.N'>'4.N«,4tN>».N«.T.'.Hr 1 
CALL   •<PBS(n.NPM,NUM,NS.tJU.T.4.<n ( 
TO   TO   7H0 

wuiTFfo.«;) 
'S   F0Pt«»T(7X.I?Hnir,ITAL   HOIE/) 

ir(HFi »r,,po.i)  WBITF(<*.M 

«. rnPM4MI?H   INrPrMFNT*Ll 
IF(HFi Afi.NF.l KALL   N»*F U I 
till    «PPSIA.NXM.NXM.NX.NKtT.fc^F | 
CALL   •■'OBS(M,N>'M.NIiM.N«.MU.T.<.-<r.        i 
TALL   •'P9S<   r,MPH.tg«M.NP.N«.T.'.HH        ) 
r*LL    'POSin.NBMtNilM.NJtNO.T.fcuF        ( 
rONTlMltE 
IF( (I^*MP.Ff).01.»Nn,(HFLAr,,r0.1)(r,n   TD   T8? 

7«0 

C 
c PO«; 

c 

ITION   TAPf   AT   F»'n   ir   LIST   »FCO-O 
TF   LAfifL   ON   TAPF 

CA| L   T«PF   (T'-israT,   iHrnn.   Ti 
WPITF    (TIT.   M'.-gP.MIJ. ( (A( T. I) .! = l.NXf .J«1.NXI . 

1 (<B   n,j) ,|>| .M« i , |K| .Nil) . 
? ((   r(I.J),I = |.Nai . )z|.MX), 
3 MO   M.J) .1«! 'V») . in .Nl/I 
r«LL    '«»FMNSfOT.xjPK.71 

7B?  rONTI- HF 
IF(MFI Ar,.KF.lir,0   TO  «>nn 
IF(I<;I.NF.I i  r,o TO Ton? 

c 
r INITTALI?«- FPL05.r,PLUS 
C 

TOTTs ■. 
OT 7010 I=/.N« 
00 7010 J=1.N« 
FPLl)S(t«J»«6.0 
IFd.rO. JIFPLU^IT. D«! .0 

7000  rONTI'MF 
00 70^1  Jrl.N« 
no  Toil   jxi.kiu 

7on|    i",oi.i)S(T.j»»P.o 
700?     TONTI'ilIF 
r 
f   IIPOATF   FPi MS.r.PLIl«; 
r 

IF<tStMK(tS01,F3,liTOTTiTOTT.T 
00   TO^S   1=1.N« 
no 70"=;  J*I.N« 

FII.JI=0.1 
PO   70i^   K:l.N« 

r( T. Jl=        f (I, j, .A(I.K)»FP| US(K,Jl 
no   70"<.   I = ).M( 
00   70i'>   J = 1.N» 

. Jl=        f (T.  I) 
T=|.NX 
J=l .Nil 

7005 

TOOf. 

7007 

700«« 

FaLUV T. 
00   7017 
no   7017 
F(I.Ji=0.0 
00   70->7   K = 1 .N» 

F( t. Jl=        F(I. J> »AC t.K»»'-,P| iK(K.Jt 
00   70'>»>   1 = 1.N« 
no  70'"H  J=l .►m 
r.PUDSd.Jis      F( j,,n .«UI.JI 

Figure C8.   Program Listing for State Modeling Program (Continued) 
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fr (»r,iiMP.FO.n)r,o   Tn   7010 
WPITFitl.^^Ai ISO. ISIMK (ISQl 

r«LL   ■'Ol>S(rt>Ll)<-«NKM,<i(i(MtN<.N«.TnTT.(.MrPl.S| 
WOITF(Q.TfcA)ISO«ISIMK(iSOl 
r»LL   ■<<"»S(r,PLll,;.NHMtNi)H«N«.NII.TOTT.<»M',PLSI 

TDIO   riNTfillF 

peT>llfjr)»'gc*   CHECK   0"   <iT«Tr   VAPIiofl 

rXTBirTtN'-.   BFOltMnANT   ST*TK5 

jri.O 
JI»0 
no o« J«I.N« 
oo «»n I«I.NX 
TrdR^rPLi/Sd.jn .RT.Fosnr.o TO 4?O 

iin roNTiNKF 
no   41«!   I«l.NP 
TF(»Rc(r( i«j)) .r.T.rpsnno To <.?n 

»IS   COMTtMIIF 
jo».in.i 
jnrp( in)»j 
r,n TO fcio 

*?o roNTr-uF 
.JI»JI«I 
JTNOt ITI«J 

430 CONTIMOF 
r 
r 
c 

FOO^INf.   TwF   »FOUCFO   ».o.C   AND   0  MsTBICFS 

M«.JI 
m 47''  i»i .N« 
II«JlMn<n 
00  47r\   Jil.NX 
jj«ji>in(ji 

«70 mi. n»rPLii«;(n.Jj> 
no «n^  i=i,NX 

no 4^0 J»I.NU 

*i!»r 
no 4<)T I»I.NP 
00  490    Jxl.WX 
jj«jiMn(j» 

«90 HTd. n«c(i.jj) 
00  SOn   IM.NP 
DO «SOO   J»1.MU 

soo fT(I,  ll«0<I.JI 
T.TtTTT 
WPITf(9.7) 

T rOR¥*T(34H  OUAORUPLE   OVFR  ONE  PBOßBAH PERIPO) 
CALL   «PPS(F-T.NXMfHXN.NI<.N)(.T.4HF        » 
TALL -p>»s(r,T.Mx».wm.wx.Nu.T.4Hfi     > 
CALL   MPBS(HT.NPH.N«N.NO.NX.T.4MM        » 

c 
c 
c 

CALL   MPR5(fT.HP»I.M0M,NR,NU.T.4MF        > 

«T SrOKFXCF  FNO  STORE   TOTAL   F  f, H F  ON  XflfJ TARE 

TILL  TIRE  rytrecRT, tWWf  7> 
WRITE (7>   T.NX.NR.*U«l<mif J).I>l«NII)iJ«lt*ll« 

TrfGT(t,j),l.l,NH. J-I.NU). 
2((HT(t.JI.I>|«N0ltJsItNXIt 
3C(ET(rtJI.TaltWI*Ja|»NU) 

CALL  T«RE(iNseRT,lUIHU7| 
"BIT TO PW    "• 

END 

Figure C8.   Program Listing for State Modeling Program (ConrludnrJ) 
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»PF">" 

— simwjitnwe »w* — __ 
HSIMtf     *,6*6  VtPSION 

COMMON  Vltll.Wmi.NX.NY.NR^Nn.lNlT.irLAGiMOOCtrUltTOliTTtirc 
COMMON/S3/XDOT(3t|0)<X(1«IO>«ol<3tlO)«l)I(3«ini«OU(TltMNX(|0)> 

lNNR(|OI.>lNU(|ni<N>4«X.ISO>tSOM*X,TPStI3PINT«ISlMKI?OI 
COMMON   /0T4PF   /   M*PK(?0).   LOCäTF.    TMSfPTt   NULL 
OIMr*MON   lCON(?8l.IPL(?0l 
PIMfN^ ION   XPPLUS (I *> • t XfPLKS < 7» . XHPLUS (111 X«PLU< < 1) 

|.XP(U)«XC(7l.»H(l)>X>4(n 
?.QP(?).AC(ll>PH(II<PM(l)tP(l) 
3«UP(?I tucn)iUH(i).uM(n<uni 

njMFN^TON  FP(lA.lfti.GP(l6.?»»-P«2.J6l«F9(>.?l 
l.Fr(T.Tl.OC(>t1).Hf(l.Tl,Ff(1.1» 
?.NST»->T(?0l «T(10> 
rotlTVtLEHCr   (XPPLu<;(n.wtln.(XCPLUS(l >.»(1711.1XHPLUSI11. *(?<.»>. ( 

1X«PLU«;(1 ),H(?^) ) , (uP(| ) •M(?f>) I • (PCdl .«(2^) l>(PHn)*«(?<>l I • 
?(PM(ii .rfooi' >(UP(ntwnin.<'<r(i).4mn'(jH(it.ri(36i). 
3(1^(1 t .W(17n . ((Pd) »MCtni ) .(<C(ll ,K(^l ) • (XH(ll«ri(61) )• 
<i(XM(|),U(6?t)<(ll(ll.H(f.3l) 

IF (INtT.Ne.O)    r.O   TD   10 

IVITtÄLT?«- 

NXMa| 
NPHzl 
NllHil 
NXMal 
NPMsl 
Nll"=l 

NXP=|t 
N9P«? 
NDPs? 
N«r = 7 
*'C = 1 

N Hi 
^««NX^.NXC'NXM.M»-.« 

Ny»NP'5«NRC»NPH.NP''»NUP»NUr»NUM»NU»' 
NST«PT (IKQ 
N<;T*PT (?I«NST»OT( I t »NIP 

►ISTAOT (TI«NST»OT<?> .N»r 
NSTAPT(«)>NST»OT(1i«NXH 

NST«BT(Si»NST40T(fci.N«M 

NST»PT(M:NST»OT(Si.^oo 
NST46T (7! iNSTAOJ (M »N^r 
NST4PT(HIsNSTAOI(7i»NJM 
►ISTAPT (<)I=NSTA''T(U| »NJ" 
►l<;TAOT ( lOlsNSTA'T (Ol .•)il<» 

Nt;TAP» ( I I IsNSTAST ( |1l .»"/C 
■■l<;TAOT ( |7)S»|<;TA9T (II) .»(i)M 
N^fAPT -'TliNSrAOTd »l.MI)"4 

l^l IS'-.Nf .1 ir.a   TO   POl 
^o«; nsTi Mir 

PrAn;t.|n7)   (jr.ONdl. I.?') 

Figure C9.    Pi-ogram Listing of Subroutine HSIMK 
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1 

r 

1 ((f.r( i. )i • i -1. '»r i. '= i t'lKD . 
?((Hr( i. n .1 = 1 ."->ri. i-t. M«r). 

TiLL   "l>05(Fr.N»r.N»C»Nxr«NXr«TC«<''-1     FCt 
r»LL '<BrfS(r,r.N«c.Niic«N«r.Ni)c«'C.<'H    '".r» 

TALL   'ousirr.Mjr.Njnr.'iuc.Niir«''".«."    cri 
CONTT MIF 

OfTQIFvr    )L«NT   r,«T« 

fed«; ,,N)r.| ,r,i   TO   ml 
lO1;   CONTI'HF 

or«n  (C.IOTI     (rui. HI .   i   -  t. ■'m 
107   nBMir    <P0A«| 

r»LL   '«ef"   (L^f'^r»    TPl •   7) 
I*!»ITF(0.1PM ITPL (H • r-l.<'',l 

10*      nwv(4T (1 x. "lif. i 
or4n( Ti TO.'.'iö.'^p.-uo. ( (fo ( f, ii , j -\ . \J«DI ■ 

! ( (fiP( I. )) .T = l .NXPl . )=1 .NDO) . 
?( {MBIT .  )l .1 -I «"B0! • J=! 'NXJt . 
1MFB( t, J) . 1 = 1 .•'»Pi ,   1=1 .KM IB) 
r»LL    -BUS (rp.KjKO.MP.KjxP.^xa, rp.<.M     FJ) 
C*LL     'PBS (f.P.N»3«^ lP«N«B,Nl)B. TP,<.M       r.3) 
r«tL   ■■PWS(wB.vjjB,>g»B,MJB,k)«o, TP.cu      H3) 

r»l|_     'BBS (f B.>|0P,>|iiB,M3B,>J|lD, 'P.i.^       F 3 , 

J=l .N«B|. 

101        ONTf 
r 

MF 

r 
r 

SFT    TIMIN -    TAHLT 

rB<;T = .tF-'i' 
r 
c 
r 

ISSFPT   TI 

PFTlJB' 

«IMr,  T«O(.=" 

If» 
r 

rDNTi HIF 

r 
r 

IMTTIALI?^ ALI     STATFS 

m II T=l.N' 

n 
r 

TT = I.- 
U(II = 

CTABT ( 1 ■) i 

Mil 

i 
r 

r,f)  TO 
rnNTi i 

( 1 .?.■».<.! IST-"f f ISO) 
HF 

r i 
r 

IBOATF    B|   f •if    iTftTr 

TT=TB 
DO    11'    1 = 1 .'!<0 
II=T.    CTAUTI     |i 
VM Tll-f1. 
no   in'   .j= 1 .'inB 

ini  y (i n-v (111 "■." (r • it "n" ' l) 
ni   10'    )=1,'JXJ 

m? w(iii=v(ni«f-5'i« MOXUI M 
r,0   TO  S 
f.ONTl-llF 

r II'OATF rn THIOLLFB STATT 

c 
TT = Tr 
no ?n'  i = i.f,'»r 

Figure C9.   Program Listmg of Subroutine HSIMK (Contin ued) 
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fmgpmmm 

n*i«"ST»>u( ?» 
tflIT)-0, 
^^   ?'l '    J«l .NHP 

?(n n«nr( j) 

?«? 
r,n TO «; 

Ji»«rr,)i 

r 
r 11= 

rnNTi-MiF 

OATr   MO' n   STATF 
c 

TT=rp;T 
nn   10'   Ia|<MMH 
n«l4 'STAOK    1) 

10? V(II(sllH(II 
ftO   TO   c 

u rONTf'DF 
r 
r u» OATF   MF-OPV   ST»TF 

TTsFPsT 
Of)   fcfl'   1*1,NKM 
Ita!*-ie*»HT<   *) 

4P? V(TI)=()M(II 
s rONTlMUf 
r 
r   TDMBIITF   Pi »NT   OUTPUT 

no «io-» i'itNPP 
II»I.HT»«T(   «i» 
V(IT)-0.0 
00   SO'»   J»1.NXP 

SDI        V( tllsVdll »HPf J.J)»XD(J) 
no ^c J=I.NIIP 

•iO?        V( II)=V(II>»FP(I. J)»UP( J) 
C   C3MPIITF   CONTROLLf   OUTPUT 

nr» *.o-> I«I.NBC 
IIM» iST*»T( ».1 
«<iT)=o.n 
00 A0-> J«>,NXC 

ft03  v(ii)=v<ii)*HC(i«Ji»xr<j) 
00 60' Jsl.NUr 

60?  v(ii)^v(il»«FC<i.Ji»ur(J) 
c 
C COMPUTF HOLD OUTPUT 
c 

00 70? I«1.N«»H 
tTat«"«;T«RT» 7) 

TO? w(in«xH(i) 
c 
C COHPIlTf MCMOPY OUTPUT 

no «o? I»I,NPM 
II»I»>lST»RT( Rl 

At?   V(It)rXM(I) 
C ' 
C  INTFPCONMfCTION FOUÄTTONS 
C 
C COMPMTF P( »NT INPUT 
C 

II«NST»BT( 9) 
V(TI»15»IWCrr" 
v(n*?i"U(3) 

c 
C COMPUTE CONTROLLEP INPUT 
C 

II«NST«RT<10) 
""~  ~TnT»jTiirnt    ' 

VIII*7|«RP(?) 

Figure C9.    Program Listing of Subroutine HSIMK (Continued) 
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V ( I t ♦ 11 =WP ( ] \ 

nMOIITT     H-iJ I)     I'JPIIT 

II=NSr/iuT (11) 
V H I ♦ I I a"1' ( 1 I • i ( ?1 
IT (Mnnr.FiJ. 1 I V( I I») 1 = U 'I 

nxoiiTf MI «nPY  tnjRHT 

TI«MST«BT(1?) 

V(I|«1 l«BC(II 
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Figure C9.   Program Listing of Subroutine HSIMK (Concluded) 
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